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) Introduction and
q General Test Strategy
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INTRODUCTION:

Hello and welcome! Many students freak out over the math section of the ACT. We can assure you that the test
is nowhere near as scary as people make it out to be. In fact, if you answer about 50% of the math questions
correctly, you would have scored better than half of all ACT test takers in the entire United States (ACT National
Profile Report, 2018). You do not have to be spectacular to get a good ACT score. At the end of the day, it is just
a test. It doesn’t define your life or your value as person, so there’s no need to get overly stressed out about it.
Study what you can from the book, soak in the information, and just do your best.

This math book is based around one central idea: A thorough and strong math foundation leads to better test
scores. As you go through the book, you will see that we have taken time to break down every concept in detail.
We provide hundreds of examples, over 1,000 practice problems, as well as notecards and detailed solutions to
help you. Over 2,000 actual ACT test questions over the past 10 years were analyzed to help create the lessons
and problems that are presented in this book. We will cover tricks and strategy and blend it with the basics and
fundamentals to help you think like the test makers and students who score high on the test.

As an educator, our job is to serve YOU. If you are willing to work and practice the concepts displayed in this
book, it is guaranteed you will see better test scores and results. Anybody, regardless of age, can get better in
mathematics.

GENERAL TEST STRATEGY:

For the math section on the test, you are given 60 minutes to answer 60 multiple-choice questions. That is not a
lot of time. Since the questions vary in difficulty, do not spend too much time on one problem. Always answer
questions you can easily solve first. Then go back and handle the harder questions. This is a good strategy for
any test you take, regardless of math.

On the ACT, you do not get penalized for wrong answers. Therefore, you need to answer every question on the
test, including the questions you have no idea how to solve. Make sure you give yourself enough time at the end
of the test to answer any questions you may have skipped over. Look for opportunities to eliminate answer
choices to improve your chances of getting questions correct.

In addition, the ACT does not provide students a formula sheet for the test. You will need to memorize most of
the math formulas that are used on the test, and we offer our own formula sheets to help you.

Outside of this book, you need to take as many ACT practice tests as you can. Many ACT practice tests can be
found online. If you have not bought The Official ACT Prep Guide by the makers of the ACT, it is recommended
you get a copy. If the print version is too expensive, the cheaper eBook version is just as good. Get comfortable
with the wording and patterns of how math questions are presented on the test.
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SCIENTIFIC CALCULATORS:

Even though you do not need a calculator to take the ACT, we highly recommend you bring one to the test.
Scientific calculators are typically the best calculators to use since they are more powerful than a basic four
function calculator and easier to use than expensive graphing calculators. (If you are a student that is currently
using a graphing calculator, that is perfectly fine, as long as the calculator meets ACT calculator guidelines. Just
make sure that you are confident in using the calculator by the time you take the test.)

A good scientific calculator is the equivalent of having a math tutor or math teacher right next to you helping
you work out all the calculations. Once you learn how to use one good scientific calculator, you will pretty much
know how to use any scientific calculator on the market. Calculator manuals, Google, YouTube and other
internet sources provide excellent tutorials and tips on how to use your specific brand of calculator. Don’t be
the person that tries to learn their calculator 10 minutes before the test starts. You know better than that.

Good scientific calculators have the following characteristics:
1. They are affordable ($25 or less) and are widely available for purchase in general retail and online outlets.

2. They allow you to type a math problem on the calculator screen exactly how you see it on paper.
3. They can work out all operations involving fractions and mixed numbers.

4. They can convert between fractions and decimals.

5. They can simplify numbers raised to exponents, including negative powers and fractional exponents.

6. They can simplify expressions involving square roots.

7. They allow for quick computations of logarithms.

8. Trigonometric functions can be easily calculated with angles expressed in degrees or radians.

To help you get comfortable with your calculator, take the quiz below. Work out every single problem using
ONLY your calculator. If there are problems below that your calculator can’t perform, it is 100% ok. That just
means you will need to learn how to work out those problems by hand, which we will cover in the book. If it
takes you a long time to complete the quiz, retake it until you can complete the quiz quickly and efficiently. You
cannot afford to waste time with a calculator on a 60-minute test. Be an expert of your calculator.

CALCULATOR QUIZ:

1. Simplify: 2 — 3(-6 + 4)?

2. Change 0.625 to a reduced fraction.

3. Simplify: 312

4. Simplify: 815/4

5. Write the answer as a fraction: 973

6. Write the answer as a fraction: 7/9 + 8/11 — 1/2

7. Write the answer as a fraction: 8 % =2 %
8. Simplify: V676 — /1600

9. Simplify: /512 + V256

10. Put /72 in simplest radical form.

11. Simplify: 1og1000

12. Simplify: log,128. If you can’t plug it into your
calculator, just use log(128) =+ log(2).

13. Follow steps A through C:

A. Make sure your calculator is in “Degree” mode.
Plug in sin(30) and get the answer.

B. Now change your calculator to “Radians” mode.
Plug in sin(m/6) and get the answer.

C. Change your calculator back to “Degree” mode.
Plug in tan(135) and get the answer.

Solutions to Calculator Quiz:

1.-10, 2.5/8, 3.531441, 4.243, 5.1/729,
6.199/198, 7.159/44, 8.-14, 9.12, 10. 6V2,
11.3, 12.7, 13A.1/20r 0.5, 13B.1/2 or 0.5
13C.-1
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As you make your way through the sections of the book, you will notice several unique features:

Practice Problems and Extended Solutions:

-

Practice Problems:

At the end of each section are practice problems.
The solutions are located at the end of the section.

/

\

~

| Practice Problems

Solutions: 1D, 2C, 3A, 4E, 5B, 6B, 7A, 8B, 9C, 104, 11D,
12E, 13C, 14A

If you are unsure how an answer was derived,
you can go to the back of the book to get

Extended Solutions:

a detailed explanation of the solution.

J

13C. We will treat the hexagon as two trapezoids.
Area of trapezoid = (1/2)(3)(6 + 12) = 27.
Total Area = 27 4 27 = 54 m?

sides: 6 6
({M VAR
8 ETS

12

14A. Circum. of semicircle = (1/2)(2mn(5)) = 5m.

Area of semicircle = (1/2)(m)(5)® = 12.5T.

Area of square = (10)(10) = 100

Total Perimeter = 5m + 5w + 57 + 5w = 20w cm

Total area = 12.5m + 12.5m + 12.5m+ 12.5m™ + 100
=100+ 50w

Areas:

Sides: ST Cm

ST Cm
un us

ST e

30+ Sections:

~

-

In the book, you will see stars with “30+” on them.

A small number of questions on the ACT come from those headings.

These parts of the book should be studied if you are aiming for a test score

of 30 or higher on the ACT math test.

You can still get a good score without knowing the material under 30+ headings.
Just keep in mind that it is those questions that separate students who get
good scores versus students who achieve exceptionally high scores on the test.

J

\_

If you see a 30+ star next to the title at the very top of a section, then everything in the section is 30+.

Most of these types of sections are found in Chapter 5 and Chapter 6.

Dimensional analysis is the process of converting a given rate into a different rate.
When converting rates, you multiply and cancel units until the units you want are left over.

120 meters 120 meters 1heur _ 120meters _ .
X - = : = | 2meters per minute
60 minutes 60 minutes

1hour 1heur

———— e
L e 8.3 Di - i E P
ety T ' istance, Rate and Time “ 30+ - -
‘ Dimensional Analysis | “_ " 2o T L

ﬁ =N Relativnship Between Distance, Rate and Time
‘The diszance & vehicle mavels depends on the rare or speed 1t travels,

as well s U amerint ol e il is miving al lhal speed.

= <y

D=r.t

fvi va ;‘7 Pyrammld
Ulstance  Mate  Time
[T 1]

N
- A

Ietance—pate-llme

We recommend all students take at least a small look at some of the 30+ headings and flash cards.

Some of the 30+ concepts are simple to learn such as solving basic logarithms,
adding and subtracting matrices, and so on.

We hope you benefit greatly from the book. Enjoy!



e a8

Common ACT Math Formulas

Area and Perimeter:

Rectangle or Square: A=LW or A=bh
Square: A = s?

Parallelogram: A =bh

Triangle: A= %bh

Trapezoid: A =Zh(b;+b,)
Circle (Circumference): C = 2mnr or C=md
Circle (Area): A = mir?

Volume:

Rectangular Prism or Cube: V= LWH
Cube: V=53

Prism: V=Bh

Cylinder: V= mr?h

Coordinate Geometry:

Distance Formula: d = /(x; — x5)% + (y1 — ¥2)?

d=1(x2 —x1)% + (y2 — y1)?

X1+ X2 Y1+YZ)
2’ 2
Rise _ y1—y>

Slope Formula: m = =
Run X1 — X2

Midpoint Formula: M = (

Rise _ y2—-y1
Run = x3 —Xx1

Slope-Intercept Form: y =mx + b

Pythagorean Theorem:

a’ + b% = c?

SOH-CAH-TOA:

cos(x) = Adjacent
Hypotenuse
. Opposite
sin(x) — ——
( ) Hypotenuse
Opposite
tan(x) = —/—
() Adjacent

Equation of a Circle:
(x—h?+ @y —k)?=r?
where (h,k) = center, r = radius

Rules of Exponents:

xA o B = (A+B

A
X _ A-B
B
(xA)B _ on B
(xyz)h = x"yhzt
x0=1
AL

YA

(X)A _xA

y/ T YA

-A A
® =@
Rules of Radicals:

n\/AoB :w.%
nlA _ VA
B VB

Percent Change:

New Value — 0ld Value
0ld value

x 100

Difference of Squares:
A% — B2=(A-B)A+B)

Sum of Interior Angles of Polygons

Triangle: Angles add up to 180°

Quadrilateral: Angles add up to 360°

Pentagon: Angles add up to 540°

Any Polygon: S =180(n — 2) where n = # of sides

Probability:
Probability =

Items You Need

Total Possibilities

Statistics:
Sum of the Numbers

Mean =
Number of Values

Median = The number in the middle of a list
(If two numbers are in the middle, add and divide by 2)

Mode = Number that occurs the most
Range = Biggest number — Smallest number
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Other ACT Math Formulas
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Special Right Triangles:

Surface Area:

Rectangular Prism: SA = 2LW + 2WH + 2LH

Cube: SA = 6s2

Classifying Triangles:
Acute Triangle: a®+ b? > ¢?
Right Triangle: a®+ b? = ¢?
Obtuse Triangle: a?+ b? < ¢?

_ 12 N2
Ellipse: x azh) + € bzk) =1

(o]
ArcLength: L = %(an)

sinA _ sinB __ sinC
~ b T ¢
Law of Cosines: a? = b? + c? — 2bccosA

Law of Sines:

1
Area of a Triangle: A= EabsinC

Trigonometric Identities:
sin?x + cos?x =1
sin’x = 1 — cos®x
cos?x =1 — sin’x

1
sec(x) = 050 csc(x) = SnCo)
)= 2285 o) = 23

Complex and Imaginary Numbers:
il=+vV-1=i,i*?=-1,i3=-i,i*=1

Sequences and Series:

Arithmetic Sequence: a, =a; +d(n—1)

n(a;+ar)
2

Sum of Arithmetic Series: s =

Sum and Difference of Cubes:
A3 4+ B3 = (A + B)(A? — AB + B?)
A3 — B3 = (A —B)(A? + AB + B?)

uadratic Formula and Discriminant:
(Assumes the quadratic equation is Ax2+ Bx + C = 0)

-B+ VB2 —4AC
2A

Quadratic Formula: x =

Discriminant: D = B2 — 4AC
{D>0(2Real Sol.),D =0 (1 Real Sol.), D <0 (0 Real Sol.) }

Rules of Radicals (Fractional Exponents):
VX = xi/n
XA/B = J/XA or (¥X)A

Direct and Inverse Variation:

Direct Variation: y = kx

. k
Inverse Variation: y = *

Counting and Arrangements:

. 0 n!
Combinations: C(n,r) = ———=; =7
. n!
Permutations: P(n,r) = =l
. . . - n!
Distinguishable Permutations: ——————
nq'ny!ngl..

Other Rules of Probability:
Addition Rule of Probability:
P(AorB) =P(A) + P(B) — P(Aand B)

Mutually Exclusive Events: Independent Events:
P(Aor B) =P(A) + P(B) P(A and B) =P(A) « P(B)
P(AandB) =0

Expected Value: Y x « p(x)

Distance, Rate, Time: d =rt

Logarithms:

log,b=x = a*=b
log,(xy) = log,(x) +log,(y)
log,(5) =log,(x) — log,(¥)

log,(x€) = clog, (x)
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1.1 Sets and Groups of Numbers

We start off by showing the most common groups of numbers that show up on the ACT.

( Complex Numbers 1

L Complex numbers include ALL real numbers and imaginary numbers. J

C Imaginary Numbers ) ( Real Numbers )
We can’t take the square root If a number has no imaginary parts, it is real.
of a negative number.
We use the letter ‘i’ when a number is imaginary. V49 =7 \/? i
V49 = 7 (The7isreal.) -6 6 61 6llll.. 1 38
=6.11

\/ -49 = 7i (The?7isimaginary.)

Real Numbers

Real numbers include all rational and irrational numbers.

T
— 1

C Irrational Numbers ) C Rational Numbers )
These numbers cannot be written as a fraction. If a number is not irrational, it is rational.
As decimals, they go on forever These numbers can be written as a fraction.
but never in a pattern. As decimals, they either stop or repeat forever.
Imperfect square roots and Pi are irrational: 27 e75 1 _ 0.583333 -9 _ _9
V22 % 4.6904158... 7T ~ 3.1415927... 4 2 se3 !
Integers

Integers are all the positive and negative numbers
you normally put on a number line.

...=5,-4,-3,-2,-1,0,1,2,3,4,5...

C Natural Numbers ) ( Whole Numbers )
Natural numbers are the positive numbers Whole numbers are all the natural numbers,
that are used for counting. and zero.
1,2,3,4,56,7,8,9,10... 012,3,4,56,7,8,9,10...

10



Overview of Sets of Numbers

The charts below are here to help you get a better idea of what groups a number belongs to.

Complex Numbers
ALL numbers are complex numbers.

4 ) 4

Imaginary Numbers Real Numbers
IZ> Anything that uses the number 4’ If the number is not imaginary, it is real.
IZ> Square roots of negative numbers Irrational Rational
10i ‘/—16 = 4§ 3+7i Numbers Numbers
- J N\
Real Numbers
Irrational Numbers W ( Rational Numbers
IZ> Imperfect square roots |:> Pi If the number is not irrational, it is rational.

- e
T Va1 Vs Vie =072

Integers
The numbers you put on a number line:

| | | | |
I A B
-4 -3-2-1 0 1 2 3 4

Natural Numbers W ( Whole Numbers
Positive numbers used for counting Includes all natural numbers and zero
1,2,3,4,56,7,8,9,10... 0,1,2,3,4,56,7,8,9,10...

What groups of numbers 25

What groups of numbers 9 7
does the number belong to?

does the number belong to? ~—

__________________________________________________________________________________

[> Complex Number [> Integer [> Complex Number I:> Rational Number

[> Rational Number [> Natural Number [> Real Numb
eal Number

I:> Real Number I:> Whole Number

11



Practice Problems

1. Let x and y be defined such that x can be any
integer and y is a positive integer. Which sets of

X
numbers must > belong to?

A. Complex Numbers, Rational Numbers, Real Numbers
B. Complex Numbers, Integers, Rational Numbers

C. Integers, Natural Numbers, Whole Numbers

D. Integers, Irrational Numbers, Real Numbers

E. Complex Numbers, Integers, Natural Numbers

2. Referring to the sets of rational numbers, irrational
numbers and natural numbers, which of the following
statements are true about 7.77,7/7 and 7?

A.7.77 is rational, 7 is irrational, 7/7 is irrational
B. 7.77 is irrational, 7 is natural, 7/7 is natural
C.7.77 is rational, 7 is rational, 7/7 is irrational
D. 7.77 is rational, 7 is natural, 7/7 is natural

E. 7.77 is rational, 7 is rational, 7/7 is irrational

3.Letx = \/E,y = /3 and z = V6. Which of the
following products results in a rational number?

A xz

B. xy

C.yz

D.xyz

E. None of the products are rational.

. 2+ 3T
4. When the expression ————
2T — 3Tt

the result belongs to which groups of numbers?

is simplified,

A.lonly
B.Iand Il only
C. Il and III only
D.Iand III only
E. I, Il and III

I. Irrational Numbers
II. Integers
III. Rational Numbers

5. Let x be a natural number and let /x be an
irrational number. Which operation would NOT make
arational number?

A. Multiply the square root by itself

B. Add the square root by itself

C. Subtract the square root by itself

D. Divide the square root by itself

E. Raise the square root to the second power

6. Some sets of numbers have overlapping members.
Which pair of sets do not have any overlapping
members?

A. Complex Numbers and Integers

B. Natural Numbers and Integers

C. Irrational Numbers and Rational Numbers
D. Complex Numbers and Real Numbers

E. Rational Numbers and Integers

7. Each set below contains four members. Which set
contains members that are all rational numbers?

A.{-5, 51/5, 55, V/55}
B.{—20, —201/20, 0.20, v20}
C.{9, =91/9, 0.99, V=9}
D.{1, -1, 0.11,1i }

E.{—4/9,—49, 41/9,,/4/9 }

8. The number pi (1) belongs in which sets of
numbers below?

A. Complex Numbers, Irrational Numbers, Real Numbers
B. Complex Numbers, Integers, Rational Numbers

C. Complex Numbers, Rational Numbers, Real Numbers
D. Integers, Irrational Numbers, Real Numbers

E. Complex Numbers, Integers, Natural Numbers

9. Which sets of numbers do the improper fraction
15/4 belong to?

A. Complex Numbers, Irrational Numbers, Real Numbers
B. Complex Numbers, Integers, Rational Numbers

C. Complex Numbers, Rational Numbers, Real Numbers
D. Integers, Irrational Numbers, Real Numbers

E. Complex Numbers, Integers, Natural Numbers

Solutions: 14, 2D, 3D, 4C, 5B, 6C, 7E, 84, 9C

12
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1.2 Factors, Multiples, Primes
) and Prime Factorization
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Factors of Numbers

Factors are whole numbers that divide evenly into a number.

You can find factors or divisors by finding all pairs that multiply to equal a number.

The factors of 36 are 1,2,3,4,6,9,12,18,36

1x36=36 2x18=36
4x9=36 6 xX6=36

3x12=36

The factors of 88 are 1,2,4,8,11,22,44,88
1x 88=88 2 x44 =88
4 x 22 =88 8 x11=88

Prime and Composite Numbers

Prime Numbers

C

)

C )

Composite Numbers

A prime number is a whole number bigger than 1

that only have factors of 1 and itself.

____________________

i 2 is prime i i 13 is prime
Factors of 2: Factors of13:
land?2 land13
(1x2) (1x13)

2 is the only even prime number.

Any whole number that is not prime is composite.
They have factors other than 1 and itself.

_________________________________________

Factors of'12:

1,2,3,4,6,12

(I1x12) (2 x6)
(3x4)

Factors of 25:
1,5,25
(1x25) (5x%x5)

Prime Factorization

When you write a whole number as a string of prime numbers multiplied together,
it is called the prime factorization of the number.

The examples below are NOT prime factorizations:

_________________________________

60 =2x2x%x3x%x5
N 2R

ALL prime numbers @

60 =1x2x2%x3x5 60 =4%x3x%x5
J N

Not prime! @ Not prime! ®

Why is 1 not a prime number?

99 = 3x3x1l
v

ALL prime numbers ©

To be prime, you must have two different factors.

5is prime. lis not prime.
It has two distinct factors. It only has one factor.
(1x5) (Ix1)

13



Making Factor Trees
An easy way to find prime factorization is to make a factor tree.

There are 3 rules to follow when making a factor tree:

RULE 1: If a number is prime, you stop the branch.
RULE 2: If a number is not prime, you keep going.
RULE 3: You never use 1 on a factor tree.

7 is prime. Stop the branch. 5is prime. 2 is prime.
Start with two numbers that 10 is not prime. Stop both branches.
multiply to equal 70. Keep going on that branch. We have nowhere to go.
(70 =7 x 10) (I0=5x2) The tree is done.
70 70 70

7 Mo @ Mo @ Mo
5/ \2 C5>/ \@>

Circle your prime numbers.

There can be many ways to make a factor tree for a number.
Below are 3 different factor trees for 70.

_______________________________________________________________________

P @/“\@\@ @/@f %

Factor Trees and Prime Factorization

To get the prime factorization, multiply all the prime numbers on the factor tree.

S O

70 = 2x5x%x7 24 = 2X 22X X3 e
_ 1 1 A3 1 The prime factorization
B 2 X3 X7 =273 of a prime number is itself.

13 = 13!
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Making Factor Tables

Another way to find prime factorization is to make a factor table.

There are 2 rules to follow when making a factor table:

RULE1: You only divide by prime numbers.
RULE 2: You divide by prime numbers until the original number gets down to 1.

Draw an “L” around 66.

We will divide by primes
until it gets down to 1.

Lo6_

11 divides evenly.
Divide by 11:

(66 +11=16)

11| 66

6

3 divides evenly.

2 divides evenly.

Divide by 3: Divide by 2:
(6+3=2) 2+2=1)
11| 66 11| 66

31 6 31 6
2 21 2
1

The factor table is done

There can also be several ways to make a factor table for a number.

Below are 3 different factor tables for 66.

11| 66 66+11=6 2| 66

3.6  6+3=2 1| 33

21 2 2+2=1 31 3
1 1

66 +2=33 3] 66 66 +3=22

33:+11=3 21 22 22+2=11

3+3=1 1] 11 1n+11=1
1

Factor Tables and Prime Factorization

To get the prime factorization, multiply all the prime numbers on the left side of the table.

11| 66 66+11=6
3] 6 6+3=2
21 2 2+2=1
1
66=2x3x11
=2l x3lx1!

2] 36 36+2=18
31 18 18+3=6
21 6 6+2=3
3 3 3+3=1 !
1 |
36 =2x2x3x%x3
= 22 x 32

5[ 25 25 =5x5
51 5 = 52
1

The prime factorization
of a prime number is itself.
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Summary of Prime Factorization

When you write a number as prime numbers multiplied together,
it is called the prime factorization of the number.

You can find it easily by using a factor tree or a factor table.

C

s N r N
Factor /50 Factor 51 50 Prime Factorization:
Tree: 10 Table: 2| 10 50 =2x5x5
(9/ 2] 2 _ yly 52
1
N J \ J
Multiples of Numbers
When whole numbers are multiplied together, multiples are formed.
[ 3x7=21 >‘ 21 is a multiple of 3and 7 ]
You can use multiplication or addition to find multiples.
Multiplying to Make Multiples ) C Adding to Make Multiples

1. What is the sum of the factors of 24?

A. 47
B. 48
C.56
D.58
E. 60

Start at the number. Start at the number.

Then multiply by 1, by 2, by 3, and so on.

The multiples of 4 are 4,8,12,16,24...

Then keep adding by that number.

______________________________________

The multiples of 5 are 5,10,15,20,25,30...

4x1=4 4x2=8

4x4=16 4x5=20 4x6=24

4x3=12 Startat5 5+45=10 10+5=15
15+5=20 20+5=25 25+5=30

Practice Problems

3. The number 264 has how many distinct
prime divisors?

A3
B. 4

mo 0
N oy ol

2. The prime factorization of 25,200 is equal to

24 x 3B x 5¢ x 7P, Whatis A+ B+ C + D?

A9

B. 10
C.11
D.12
E. 17

4. Which number below is NOT a multiple of 127

A 24
B. 36
C.60
D.92
E. 108
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5. How many distinct factors does 36 have?

moOwe
== O 03

0
1
6. What is the sum of the first five prime numbers?

A. 17
B.18
C.28
D. 30
E. 39

7. Let A be a whole number that is divisible by 15.
Let B be a whole number that is divisible by 6.

Let AB be the product of the two numbers. If

AB < 100, which number below is not a factor of AB?

A.9

B.10
C.12
D. 18
E.30

8. An “emirp” is any whole number greater than 10
that is prime when written forwards or backwards.
For example,'79’ is an emirp because 79 is prime and
when written backwards, 97 is also prime. How many
emirps are greater than 20 and less than 507

Mo O W
N1 wWwN

9. If the prime factorization of 32 is 2° and the prime
factorization of 81 is 3%, what is the prime
factorization of the product 64 x 2437

A. 2% x 3°
B. 26 x 3¢
C.26x37
D.26 x 35
E.27 x 37

10. Which number below is a multiple of both 4 and 5?

A. 30
B. 40
C. 45
D.50
E.55

11. Let (x + 2) be a multiple of 6 where x > 0. Which
of the following is also a multiple of 6?

A x+12
B.x+ 14
C.x+16
D.x + 20
E.x + 22

12. Let A be a whole number such that its prime
factorization is 78 X 11*. What is the prime
factorization of the product A X 154?

A. 21 x 79 x 115
B.22 x 78 x 11*
C.2'x 78 x 115
D.22x 7% %x 114
E.21 x 7% x 11%

13. What is the sum of the second largest factor of 39
and the second smallest factor of 45?7

A. 16
B. 18
C.22
D. 42
E. 84

14. When two prime numbers are added together,
the result is:

I. Always odd
I1. Always even
[1I. Always prime

A.lonly

B. Il only

C.II'and III only
D.Iand III only

E. Neither [, Il nor III

Solutions: 1E, 24, 3A, 4D, 5C, 6C, 7C, 8A, 9D, 10B, 11B,
12A, 13A, 14E
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1.3 Greatest Common Factor
and Least Common Multiple

<&~

Greatest Common Factor

The Greatest Common Factor, or GCF,
is the biggest number that divides evenly into a group of numbers.

Sometimes you can look at a group of numbers and easily work out the GCF in your head.

GCFof6and8= GCFof4and11=

| 2 is the biggest number 1is the only number |
| that divides evenly into both 6 and 8. { | thatdivides evenlyintoboth4and1l. |

- /
[ [
1 i

We will show you 3 different ways to find the GCF of a group of numbers.
Just pick the methods you like the best.

FIRST WAY: List Factors

1. List the factors of each number.
2. Pick the biggest factor they have in common.

————————————————————————————————————————————————————————————————————————————————————————

! Find the GCF of 28 and 42 L Find the GCF of 20 and 63 ;
Factors of 28: 1,2,4,7,14,28 Factors of 20: 1,2,4,5,10,20
(1x28) (2x14) (4x7) GCF (1x20) (2x10) (4% 5) GCF
Factors of 42: 1,2,3,6,7,14,21,42 =14 Factors of 63: 1,3,7,9,21,63 =1
(1x42) 2x21) 3x14) (6x7) (1x63) 3x21) (7x9)

_________________________________________

Factors of12: 1,2,3,4,6,12 Factors of 36: 1,2,3,4,6,9,12,18,36 Factors of 24: 1,2,3,46,8,12,24

(I1x12) 2x6) 3x4) (1x36) (2x18)(3x12) (4x9)(6x6) (1x24) (2x12) 3x8)(4x6)
GCF = 12

SECOND WAY: Use Factor Trees

1. Make a factor tree of each number.
2. Multiply the prime numbers that show up on ALL the trees.

_________________________________________

28 42 Both trees have a 2 and 7 in common.

\4 6/ \CD Cross them off the trees.

& o o B
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There are no primes that are on BOTH trees. All the trees have two 2’s and one 3 in common.
If they have no primes in common, the GCF will be 1. Cross them off the trees.
GCF =1 GCF = 2Xx2%x3 =12

THIRD WAY: Use Factor Tables

1. Make a factor table for the group of numbers.
2. Divide until no more values divide into the numbers evenly.
3. Multiply the prime numbers on the left side of the table to get the GCF.

____________________________________________

! Find the GCF of 28 and 42 i
2 divides evenly. 7 divides evenly.
Draw an “L” around 28 and 42. Divide by 2: Divide by 7:
Divide until no more numbers (28 +2=14) (14+7=2)
divide into 28 and 42 evenly. (42 +2=21) 21+7=3) Multiply the numbers
on the left side:
28 42 2|28 42 2| 28 42 GCF = 2% 7
14 21 71 14 21 $ =14

2 3

Nothing divides into both 2 and 3. We are done.

i Find the GCF of 20 and 63 i i Find the GCF of 12, 24 and 36 i
| 20 63 Below is a factor table for the three numbers:
There is no number that divides into both 21 12 24 36
20 and 63 at the same time except 1. 21 6 12 18
The factor table is done. 3.3 6 9
When there is no number to divide by, 1 2 3
the GCF will be 1. Multiply the numbers on the left side:
GCF =1 GCF =2x2%x3 =12
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1 3 Least Common Multiple 3 2
— + =2 =2 _ 2
2 5 The Least Common Multiple, or LCM, 4 8
2SS V4 is the smallest multiple that a group of numbers have in common. < O
% + % Most students use the LCM when making common denominators. % - %
2 and 5: We will also show three different ways to find the LCM. 4and 8:
LCM =10 LCM =8
FIRST WAY: List Multiples
1. List the multiples of each number.

2. Pick the first multiple they have in common.

! Find the LCM of 6 and 9 Lo Find the LCM of 3 and 12 i

Multiples of 6: Multiples of 3:
6,12,18, 24,30, 36... LCM 3,6,9,12,15,18... LCM
Multiples of 9: =18 Multiples of 12: =12
9,18,27,36,45,54... 12,24, 36, 48...
i Find the LCM of 3, 5and 6 i
Multiples of 3: Multiples of 5: Multiples of 6:
LCM =30
3,6,9,12,15,18,21,24,27,30... 5,10,15,20,25,30... 6,12,18,24, 30...
SECOND WAY: Use Prime Factors
1. Write the prime factorization of each number using exponents.
2. Multiply by the highest power of each prime number you see.
! Find the LCM of 24, and 36 ;
Get the prime factorization of each number: 24 = 23x3! 36 = 22 x 32
24 36 The prime numbers are 2 and 3.

The highest power of the 2s is THREE > 23

@5 @ @5 @ <3§ é} CQS @ The highest power of the 3s is TWO 5 32

A2 22 _
24 = 23 x 3L 22 « 32 LCM = 2%x3" =72

_________________________________________

Get the prime factorization of each number: 2=22x3" 1@=2x7" 28=22x7
12 14 28 The prime numbers are 2,3 and 7.

The highest power of the 2s is TWO > 22

6 4"
é @ 14 = 21 x 71 @§ @ The highest power of the 3s is ONE IZ> 3!

. 1
The highest power of the 7s is ONE 7
12 = 22x3! 24 =22 x 7! shestp 1 =
LCM =2%x3" x7 =84
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THIRD WAY: Use Factor Tables

1. Make a factor table for the group of numbers.
2. Divide until no more values divide into the numbers evenly.
3. Multiply ALL the numbers around the outside to get the LCM.

____________________________________________

| Find the LCM of12 and 30 i
3 divides evenly. 2 divides evenly.
Draw an “L” around 12 and 18. Divide by 3: Divide by 2:
Divide until no more numbers (12+3=4) @4+2=2)
divide into 12 and 18 evenly. (30 + 3 =10) (10 +2=5) Multiply all the numbers

on the outside.

|12. 30 3|12 30 3112 30 $ LCM

4 10 2] 4 10 =3x2x2x5

Nothing divides into both 2 and 5. We are done.

i Find the LCM of 3 and 11 i i Find the LCM of 24 and 36 i
3 11 Below is a factor table for the two numbers:
There is no number that divides into both 4 L%
3 and 11 at the same time. 31 12 18
The factor table is done. 2 4—6
Just multiply the numbers 2 3
in the factor table to get the LCM: Multiply the numbers on the outside:
LCM =3x11=33 ILCM = 2x3x2%x2x3 =172
( Special note about the LCM and factor tables: )

The LCM method for factor tables only works for 2 numbers.

If you want to find the LCM of 3 numbers using factor tables:
1. Find the LCM of the first two numbers.
2. Use the answer to find the LCM with the 3rd number.

Find the LCM of18 and 27: Now find the LCM of 54 and 42:
3118 27 2|1 54 42
31 6 9 31 27 21
2 3 9 7

LCM =3%x3x2x3 =54 LCM =2x3x9x%x7 =|378
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Least Common Denominator

The Least Common Denominator, or LCD,
is the least common multiple of the denominators.

=
=]
[a
-t
=
[¢)]
=
(@)
o
oo
©|4>

The denominators are 6, 9 and 12.
We will list multiples to get the answer:

Multiples of 6 5> 6,12,18,24,30, 36...

Multiples of 9 5 9,18, 27, 36, 45...

Multiples of 12 5 12,24, 36, 48, 60...
LCD =36

The example above was straightforward.

To the right is a much harder example of the LCD.

=
5
(@
(=
5
@]
=
O
<

The denominators are 8, 35 and 50.
We will use prime factors to get the answer:
8=2> 35=5'x7" 50=2x5

The prime numbers are 2,5 and 7.

The highest power of the 2s is THREE IZ> 23

The highest power of the 55 is TWO 5 52
The highest power of the 7s is ONE IZ> 7!

LCD = 23 x5%x 7' = 1400

Mixing Up Factors and Multiples

Students mix up these concepts often.
Below we show examples of factors, multiples, the GCF and LCM.

Factors divide evenly into a number:
Factors of 12 = 1,2,3,4,6,12

Multiples are found by skip counting:
Multiples of 12 = 12,24,36,48,60...

Factors of 5: Multiples of 5: Factors of 6: Multiples of 6:
1,5 5,10,15,20... 1,2,3,6 6,12,18,24...
Factors of 10: Multiples of 10: Factors of 9: Multiples of 9:
1,2,5,10 10,20, 30, 40... 13,9 9,18,27,36...
GCF =5 LCM =10 GCF =3 LCM =18
Practice Problems

1. Let x be the GCF of 30 and 15. Let y be the LCM of
20 and 10. What is the value of x — y?

2. One of the pairs of numbers below have a GCF of 3
and an LCM of 45. Which pair is it?

A.3,15
B.5,15
C.6,15
D.9, 15
E. 12,15
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3. What is the greatest common factor of 36, 42 and
90?

A6
B.9
C.18
D. 630
E. 1260

4. What is least common denominator of 8/15, 2/25
and 1/10?

A.5

B. 60
C.75
D. 150
E. 300

5. What is the largest number that divides into the
numerator and denominator to reduce the fraction
1360/1480?

A. 10
B. 20
C. 40
D. 80
E. 160

6. A radio station gives out cash prizes. A cash prize of
$1,000 is given out every 15 minutes, $500 is given
out every 12 minutes and $250 is given out every 40
minutes. If the radio station gave out all three prizes at
the same time at 8:00am, what time will it be the next
time that all three prizes are given out at the same
time?

A.9:00am

B.10:00am
C.10:30am
D.11:00am
E.11:30am

7. What is the GCF of 56, 72 and 75?

Mo O W
O Ul D WK

8. Which of the following sets of numbers have a
greatest common factor of 6 and a least common
multiple of 727

9. What is least common denominator of 1/14, 7/12
and 9/10?

A. 120
B. 240
C.360
D. 420
E. 630

10. Two natural numbers are “coprime” if the only
whole number that divides evenly into both numbers
at the same time is 1. Which pair of numbers are
coprime?

A. 26,39
B. 27,56
C. 34,58
D. 35,91
E. 42,51

b c . .
= 7% is solved, which of the
following will be the common denominator?

11. When % +

A.150
B. 200
C.225
D. 250
E. 350

Solutions: 1A, 2D, 3A, 4D, 5C, 6B, 7A, 8E, 9D, 10B, 11A
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1.4 Fractions and Mixed Numbers

Overview of Fractions and Mixed Numbers

Fractions are numbers that show parts of a whole.

A +—> Numerator 8 _ 1 Whol I
3 ' _8 = ole I
—> Denominator

Mixed numbers are a sum of the number of wholes and the parts of a whole.

Any mixed number can be written as an improper fraction.

Improper fractions are fractions where the numerator is equal to or bigger than the denominator.

e s N

What improper fraction and mixed number i . .
is shown in the picture below? : The circles are cut into fourths |:> 9
’ \ and 9 of the parts are shaded 4

i /- m We have 2 Whole circles

1
\ W and 1/4 of another circle E> 2 4

Changing Between Improper Fractions and Mixed Numbers

Changing Mixed Numbers to Improper Fractions

Multiply the whole number by the denominator. Then add that answer to the numerator.
The denominator stays the same.

____________________

27023005 331032008

2X4+1=9 3X6+5=23

Changing Improper Fractions to Mixed Numbers

Divide to change an improper fraction to a mixed number.
The remainder is the new numerator. The denominator stays the same.

S 2 5
! I 1 ! 4-7: 7
;%;E>4W9+4[> 27 i?:[>8m47+8E> 5%
LT -8 -omi Lo =40  =5R7

1 7
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Math Operations of Fractions and Mixed Numbers

Even though you will have a calculator for the ACT test,
it is still good to know how do all math operations of fractions by hand.

Adding and Subtracting Fractions and Mixed Numbers

When adding and subtracting fractions, make sure they have the same denominator.

________________________________________________________________

| 1, 3 5 i 2
I ADD: — + — ' ' SUBTRACT: - = !
| 4 6 : | ]' 7 :
[ STEP 1: Find a common denominator. ] [ STEP 1: Find a common denominator.
The denominators are 4 and 6. 1 2 m 1 2
Multiples of 4 T 4,8,12,16,20, 24... 7 1 7
Multiples of 6 E> 6,12,18, 24, 30, 36... The denominators are 1and 7.
LCD=12 LCD =7
[ STEP 2: Multiply to find the numerators. ] [ STEP 2: Multiply to find the numerators.
1x3_[3]  3x2_[6] 1x7_[7] oxv_[2]
4x3 12 6xy 12 7 7 x] 7
[ STEP 3: Add the fractions. ] [ STEP 3: Subtract the fractions.
3 6 9 Reduce 3 7 2 5
-t = = = — 5 | = —_ = = = | =
12 12 12 4 7 7 7

For1/4 +3/6, we could have also used 24 as a common denominator.
Using the LCD gives you smaller numbers to work with and less work to do.

To add and subtract mixed numbers, first change the mixed numbers to improper fractions.
Then add or subtract the fractions.

1 4 7 %5
A . 35— 1% 2=
1 ! ZXS ].O
i SUBTRACT: i [1 [1 LCD =10
i 1 4 (Improper Fractions) gx2
3l oo U5,
e I SN — -
2 5 £ = L
10 1 10
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Multiplying Fractions and Mixed Numbers

To multiply fractions, multiply the numerators and multiply the denominators.

————————————————————————————————————————————————————————————————

To multiply mixed numbers, first change the mixed numbers to improper fractions.
Then multiply the fractions.

3 1
e . 27 X1y
| MULTIPLY: | [ [
: : : a3 - 33 1
i zi y ]_L i CImproperFracnons) 4 X 5 = 8 I:> 4 3
| 4 2 ~ v
e oy 3

4 2

Dividing Fractions and Mixed Numbers

To divide fractions, you follow K.C.F.
Keep the first fraction, change the sign to multiplication, and flip the second fraction.

2 . 3 1. 3
.'"""""""": 7 5 .'"""""""": 2 1
i DIVIDE: ! n [l o i DIVIDE: ! n 1l o
2 ., 3 | K CF 1.9 | K C F
R A R RIRY
""""""""" 2 > _ |10 R O 1 _
7 X 377 2 9 <

To divide mixed numbers, first change the mixed numbers to improper fractions.
Then divide the fractions.

| 2
N . 25 + 1¢ 2 .8 NOTE:
i DIVIDE: : [ [1 2 6 ?_(6) = 1% = 1%
i 1 2 i ( Improper Fractions ) @
25 7 15 T

5 0 6 _ 30 7
> X517 = |13

S 2 8
2 T 6




Finding Fractions of Amounts
Finding fractions or parts of groups is a concept that shows up regularly on the test.

To find the fraction of any amount, multiply the fraction by the amount.

Twelve t-shirts are washed, folded and placed in a drawer.
If 2/3 of the t-shirts were black, how many black t-shirts were placed in the drawer?

Find 2/3 of 12: 8 t-shirts are black.
%XIZ > %xl—lz = % = | 8 t-shirts
( We can show using pictures that 2/3 of 12 = 8: )
Draw 12 t-shirts. Divide them into thirds. Now count the number of t-shirts
(3 equal groups) in two of the three groups:

rrarir)o , (B B T e gouns
Toirin)e ) (eww |
) . = of12=8

rirara)w (i)

At a picnic, 3/4 of all the people who attended are kids. One third of all the kids are girls.
How many girls were at the picnic if 60 people attended the picnic?

We can solve the problem two different ways.

( FIRST WAY: ] SECOND WAY:
Find the number of kids. Now find the number of girls. Find the number of girls in one step.
3/4 of 60 people: 1/3 of 45 kids: Find 1/3 of 3/4 of 60 people:
3 1
— X 60 X 45 1 180 .
4 . 3 TX%X6O=T= 15 girls
= 45 kids = |15 girls

Word Problems Involving One Whole

Sometimes you may have to subtract from one whole and find out what fraction is left over.
Paula ate 5/9 of a pizza.
What fraction of the pizza did she not eat?

The entire pizza represents 1 whole. 1 5 I:> o] 5 _| 4
We can subtract to get the pizza she did not eat. Whele - 9 9 T 9 " |9
4/9 of the pizza was not eaten. Pizza ;;Z‘; Pizza left over

It makes sense. If she ate 5 of the 9 slices, four slices will be left over (9 - 5 =4).
27



Joey just received his paycheck. He spent 2/5 of his paycheck on rent.
He spent another 1/4 of the check on food. What fraction of the paycheck is left over?

_________________________________________________________________________________________

There are two different ways to solve the problem.

Find the total and then subtract from 1 whole.

FIRST WAY: SECOND WAY:
Subtract all the fractions from 1 whole.

Subtract off what is spent to find out what is left over. 20

Whole
Paycheck

Find the fraction of the check that was spent: Subtract 2/5 of a check and 1/4 of a check

2,1 I:> 8 , 5 _ 13 from 1whole paycheck:
5 4 20 20 20 1 - 2 1 I:> 20 8 5
Rent Food Spent Whele 5 4 20 20 50

. . Rent Food
The entire paycheck is 1 whole. Paycheck en 00 7

1 - % |:> % - % = % 7/20 of the paycheck is left over.

Spent

Finding the Halfway Point Between Fractions

To find the halfway point between any two numbers, you add the numbers and divide by 2.
In other words, you find the average of the two numbers.

________________________________________________________________________________

The answer is 3. 2+4 _ 6 _ 3
Most people can figure it out in their head. 2 2

________________________________________________________________________________

This problem is much harder to solve.
We will add the fractions and then divide the answer by 2.

Add the fractions: |$ Now divide by 2:
4 1 8 9 17 17 2 17 1 17
— —_ + = — = = _ —_ = | =
ot 2 5t -1 ST D w7 %

Minimizing and Maximizing Fractions

Some problems require you to make a fraction as large or as small as possible.

C

Making Fractions Bigger ) C Making Fractions Smaller )

As numerators get bigger, fractions get bigger. As denominators get bigger, fractions get smaller.

1 2 3 1 1 1

4 4 4 3 4

HOED B
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To make the biggest [> Big Numerator To make the smallest [> Small Numerator
fraction possible: Small Denominator fraction possible: Big Denominator

If xis a number in the range 1 < x <9 and y is a number in the range 5 < y < 13,

what is the largest possible value for the fraction % ?

_________________________________________________________________________________

The biggest possible fraction will have _X —> Biggestx — 9
the biggest numerator and smallest denominator: Y = Smallesty — 5

Comparing Fractions and Decimals

Before covering this topic, you need to understand terminating and repeating decimals.

[ Terminating Decimals ] [ Repeating Decimals
Terminating decimals have a stopping point. Repeating decimals repeat forever in a pattern.
Adding zeros to the end of terminating decimals We use a bar or a line to show
will not change their value. the group of digits that repeat forever.
0.4 0.26 0.197

Decimal repeatsin4s: Decimal repeats in 83s:

=040  =0260  =0.1970 0.4 = 0.444444... 0.83 = 0.838383...

0.400 0.2600 0.19700

The easiest way to compare fractions and decimals is to use your calculator
to change everything to decimals.

(For example, to change 3/4 to a decimal, put 3 + 4 in your calculator)

Give all the decimals the same number of decimal places to make it easier to rank them.

Change everything to decimals:

0.52 ————> 0.5252

Now rank the decimals:

0.4949 [) 0.5000 [) 0.5252 [) 0.5500 L) 0.5555

1/2 = 0.5 ————> 0.5000
0.5 ——— 0.5555 0.4949 < 1/2 < 052 < 11/20 < 05
11/20 = 0.55 ——— 0.5500 Least Greatest
0.4949 T——> 0.4949
i List from least to greatest: 4/9, 5/6, 2/3 |
Change everything to decimals and rank them: You can also use a common denominator

as long as you can find it quickly.
4/9 > 0.444  0.444 Ty 0.667 5> 0.833

5/6 T 0.833 4/9 < 23 < 5/6 4*?_ 2%°_ 5%

2/3 > 0.667 Least Greatest 9%, 18 3x¢ 18 6x3 18
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Practice Problems

1. Let x be a factor of 24 and let y be a factor of 36.
How many fractions in the form of % can be made

that are equivalent to 5/107?

Mo oW
Noy Vs w

2. Let x and y be positive integers under the
conditionsof 6 < x < 16and 6 < y < 16.
X —3

?
y+5'

What is the largest possible value of

A1l
B.4/3
C.8/3
D.12/11
E.13/11

3. If w, y and z are positive integers, which of the
following statements is false?

Alw+y:£+z
VA VA zZ
BY*Y _ 442
w w
w+y
C. =Y
DW__yzﬂ_l
y y
wy _
E.W_y

4. A charity is putting together a one-mile walk. Two
water stations were placed exactly half a mile away
and 7/8 of a mile away from the starting point of the
race, respectively. If a bathroom station is placed
halfway between the water stations, how far away in
miles will it be from the starting line?

A.3/4 1 Mile

B.5/8 ! - )

C.7/8 | - b

D.11/16 ' | Ll |
Start End

E.13/16

5. Which of the following fractions is equivalent to the
expression below?

A.10/21 1 1
B.4/25 > t3
C.10/27

D.10/33 2 1
E.4/35 4

6. Madison drinks 3/7 of an entire container of juice.
She equally distributes the left-over juice into 5 cups.
What fraction of the original container of juice is
contained in each cup?

A.3/245
B. 4/35
C.6/35
D.8/35
E.3/245

7. There are 1320 students that go to a high school.
If 3/8 of all the students are freshmen and 2/11 of all
the students are seniors, what is the combined
number of freshmen and seniors that attend the high
school?

A.90

B. 348
C. 585
D. 735
E. 855

8. Points X and Z denote the approximate locations of
1/4 and 8/11 on the number line below. If Point Y is
equidistant from points X and Z, what fraction is
located at point Y?

A.5/11

B.13/22 X Z

C.11/24 1 ¢ —et+—>
D.23/44 0 1/4 2/4 3/4 1
E.43/88
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9. On one particular day of a college class, 1/3 of all
the students were out sick and 2/7 of all the students
arrived to class late. The rest of the students arrived to
class on time. What fraction of the students in the
college class arrived to class on time?

A.3/10
B.7/10
C.8/21
D.13/21
E.16/21

10. Let m be a multiple of 3 in the range 10 < m < 20
and let p be a prime number in the range 20 < p < 30.

What is the smallest possible value of % ?

A.12/23
B.12/29
C.15/23
D.15/29
E.18/29

11. In a parking lot that contains a total of 60 cars,
4/15 of the cars are black, 1/4 of the cars are white,
and 7/20 of the cars are gray. How many cars in the
parking lot are not black, white or gray?

A.8

B.10
C.12
D. 14
E. 16

12. Which choice below shows the correct order of
the numbers 33/50, 0.65599, 0.6 and 0.65 from least
to greatest?

A. 0.65599 < 0.65 < 33/50 < 0.6
B.33/50 < 0.65599 < 0.6 < 0.65
C.0.65 < 0.65599 < 0.6 < 33/50
D. 0.65599 < 0.65 < 0.6 < 33/50
E.33/50 < 0.6 < 0.65599 < 0.65

13. Which of the numbers below is the smallest?

A.3/8
B.2/5
C.0.374
D.234/625
E.19/50

14. Which of the following fractions is equivalent
to the expression below?

A.13/9

B. 14/9 2L i1
C.19/18 3 6
D.23/18 3
E.25/18

15. A man bought small, medium and large-sized
boxes from a home improvement store. Of the boxes
he bought, 1/12 of them were large-sized boxes and
1/8 of them were medium-sized boxes. What fraction
of the total boxes bought were small-sized boxes?

A.7/8
B.7/12
C.9/10
D.19/24
E.23/24

16. Maxine, Laura and John are splitting a 4-pound bag
of candy. Maxine took 1 1/3 pounds of candy out of the
bag for herself and John took 1 1/4 pounds of candy
out of the bag for himself. The rest of the candy in the
bag went to Laura.

Which of the following gives the ranking in ascending
order of the pounds of candy the three people took out
of the bag?

A.John < Maxine < Laura
B. Maxine < John < Laura
C.John < Laura < Maxine
D. Maxine < Laura < John
E. Laura < John < Maxine

17. Kala is making a chicken recipe. One serving of the
recipe requires 3/4 of a pound of chicken. If the
grocery store she visits sells chicken for $1.30 per
pound, how many servings of the recipe can she make
with $11.70? (You can ignore sales tax with this
problem.)

A9

B. 11
C.12
D.13
E. 15
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18. There are 35 adults in a room. Four-sevenths of
the adults are lawyers. If 2/5 of the lawyers are
female, how many female lawyers were in the room?

A.8

B.10
C.12
D. 14
E. 16

19. Within a 2-hour span, a student spent 1/8 of the
time taking a shower, 1/4 of the time eating dinner
and spent another 4/15 of the time doing math
homework. The rest of the leftover time was used to
talk to a friend on the phone. How many minutes did
the person spend talking on the phone?

A. 27
B. 43
C.51
D. 69
E. 77

20. Given the group of fractions {5/6,4/7,3/14,1/2},
how much larger is the biggest fraction in the group
compared to the smallest fraction in the group?

A.1/3
B.1/14
C.2/7
D.5/14
E.13/21

21. Which choicePelow shows the correct order of the
numbers 4/5, 0.79, 799/1000 and 0.79 from least to
greatest?

A.0.79 < 0.79 <799/1000 < 4/5
B.0.79 < 0.79 < 799/1000 < 4/5
C.0.79 < 0.79 <4/5 < 799/1000
D.0.79 < 799/1000 < 0.79 < 4/5
E.79/1000 < 0.79 < 0.79 < 4/5

22. What is the value of X in the equation below?

A.18/21
B.110/21
C.111/21
D.2
E.22/21

2 1
X432 +2-=7

SN

23. A store has 2,000 pieces of fruit for sale in their
produce section. If 3 out of every 20 pieces of fruit are
apples, and 7 out of every 12 apples are Gala apples,
how many Gala apples are available for sale in the
store?

A. 140
B. 150
C.160
D.175
E. 195

24. A rectangular sheet of steel that is 14 2/3 feet

wide is getting cut into strips that are 1 5/6 feet wide.
How many strips can be cut from the original sheet of
steel?

25. What is the answer to the problem below?
4 3 4 10 3 6
— e + — e - + e

( 13 17 ) 23 113 ) ( 213 29 )

Al

B.11/2

C.2

D.21/2

E.3

26.SetX{3,5,7,9}and Set Y {2, 4, 6, 8} each contain
four positive integers. Let a and b be members from
Set X and let c and d be members from Set Y. What is
the smallest possible answer to % . % ?
A.1/9

B.1/12

C.1/16

D.4/81

E.9/64

Solutions: 1B, 24, 3C, 4D, 54, 6B, 7D, 8E, 9C, 10B, 11A,
12A, 13D, 14E, 15D, 164, 17C, 18A, 19B, 20E, 21D,
22C, 23D, 24B, 25A, 26B
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1.5 Percent Problems

Overview of Percents

Iojent' =
The word “percent” means “per 100”. Il :1\Mlel?eiter 8
1 PERCENT 100% < 100 _
2 oo X 100 =1
X% = —(~~ Aman .
An item is on sale for1/2 off °~ 100 or IOOHC’;e 11'-"WhOIe. Pizza
or 50% off. 0 0f'the pizza,

Fractions, decimals and percents are all just 3 different ways of showing parts of a whole.

4 N\ e N\ 4 N\
Fractions Decimals Percents
1/2 | 1/2 50% | 50%
1 - 050 =  50%
Y J 2 L Y
Entire Box Fractions use a Decimals use a Percents use a Entire Box
=1Whole “fraction bar” “decimal point” “percent sign” =100%

. J g J . J

Fraction, Decimal and Percent Conversions

In order to do well on the ACT,
you need to be able to switch quickly between fractions, decimals and percents.

Changing Fractions to Decimals

Normally, in order to change fractions to decimals, we would need to use long division.
This will use up too much time on the test.

To change fractions to decimals, use the calculator to divide in the exact order it is written.

——————————————————————————————————————————————————————————————————————————————

i Change to a decimal: 4/5 : i Change to a decimal: 5/4 i
4 »54:50 [os 2 540 125
5 : 4 :
Changing Decimals to Fractions
The way you “say” a decimal is how you write it as a fraction.
i Change to a fraction: 0.8 i i Change toadecimal: (.37 i
“8 tenths” 8 Reduce 4 “37 hundredths” 37
08 = 10—~ |5 0.37 = 1700
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Changing Decimals to Percents

To change a decimal to a percent, move the decimal point 2 places to the right.

(You can also multiply by 100 to change to a percent.)

_______________________________________

_______________________________________

1.9 O 16& 0> 190. ©) | 190%

Fill in zero

Changing Percents to Decimals

To change a percent back to a decimal, move the decimal point 2 places to the left.

(You can also divide by 100 to change to a decimal.)

_______________________________________

_____________________________________

0.08 | <1 .08 {3 @\sj @ 8.

_____________________________________

0.045 | <3 A\%s Q 45

Fill in zero

Changing Percents to Fractions

To change a percent to a fraction, write it as a fraction with a denominator of 100.

_______________________________________

_ 44  Reduce 11
~ 100 25

_____________________________________

_—

160 Reduce 8 1

160% = 150 5 Of

Changing Fractions to Percents

To change a fraction to a percent, first change the fraction to a decimal.
Then change the decimal to a percent.

[ Fraction D[ Decimal D[ Percent ]

(You can also multiply by 100 to change to a percent.)
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______________________________________________________________________________

______________________________________________________________________________

Review of Conversions

12.5%

The flowchart below will help you when changing between fractions, decimals and percents.

Decimal | —{ MoveRight

05 [— °3¢
S

Divide
1+2

Fraction “5 Tenths” Move Left | Percent
1/2 - 2 50 == s50%
/ Reduce 10 ‘UU — o

To Fraction
50

50% = 300

Solving Basic Percent Problems

Once again, percents and fractions are just different ways of showing parts of a whole.

For basic percent problems, the easiest way to solve them

is to first write the answer as a fraction, and then change the answer to a percent.

What percent of the marbles are green?

A bag of marbles contains 4 red, 5 blue, 3 green and 8 purple marbles.

First find the fraction of the marbles that are green. Then change the answer to a percent.

3 marbles are green out of 20 total marbles. Change the fraction to a percent:

3 Green _ 3 3 :
20 Total Marbles 20 20

15%

15% of the marbles are green.

A six-sided die weighs 4 grams and a nickel weighs 5 grams.

The mass of a die is what percent of the mass of a nickel

?

@ The mass of a nickel is what percent of the mass of a die?

Sometimes you may have to write one item as a percentage of another item.

?» SAME AS _
Ais what percent of B? > Find B
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Write the answers as fractions and change the answers to a percent:

The mass of a die is 80%
of the mass of a nickel.

4 Grams 4 I:> 30%

@ A Die is what percent of a Nickel? E> 5 Grams

5
@ A Nickel is what percent of a Die? IZ> Zir_ams = % IZ> 125% | The (I)I;ifliiflzsglglf{zl&?elzs(%
rams :

Finding Percents of Amounts

Finding percentages of amounts is another concept that shows up often on ACT tests.
To find the percentage of any amount, multiply the percent (as a decimal) by the amount.

There are 18 apples in a basket.

i Forty people signed up for a raffle.
! 50% of the apples are red.

| 5% of the people will win a prize.
How many red apples are in the basket? !

How many people won a prize in the raffle?

Find 50% of 18 apples: Find 5% of 40 people:
50% 0f18 > 0.50+18 = | 9 apples 5% 0f 40 > 0.05+40 = | 2 people
9 apples are red. 2 people won prizes.

Percent Increases, Percent Decreases
and Percent Change

Percent Increases and Decreases

In the real world, most people see percent increases and decreases
in the form of pay raises, sales tax, store sales and price markups.

They also show up on the ACT, and there are usually two common ways to solve them.

A lamp that originally costs $60 is on sale for 25% off.
What is the sales price of the lamp?

We will solve the problem two different ways.

( FIRST WAY: ) | SECOND WAY: ]

1. Find the money that was taken off the price. 1. Find the percent that is left over after the sale.

Find 25% of the cost of the lamp. The original price is 100% of the price.
25% of $60 $15 was taken off 100% — 25% = 75% The new price is

= 0.25¢$60 = $15 the price. Old Price Sale 75% of the old price.
2. Subtract to get the sales price. 2. Work out the sales price.
$60 — $15 = | $45 75% of $60 Ly 0.75+$60 = | $45
The lamp is now $45. The lamp is now $45.
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A woman that makes $12 an hour gets an 8% pay raise.
What is the woman’s new hourly pay?

Once again, we will solve the problem two different ways.

[ FIRST WAY: ] [ SECOND WAY:
1. Find the money that was added to the pay. L. Find the percent that is left after the raise.
Find 8% of the cost of her pay. The original pay is 100% of the pay.
8% of $12 $0.96 was added 100% + 8% = 108%  Hernew payis
= 0.08+$12 = $0.96 to her pay. Old Pay Raise 108% of her old pay.
2. Add to get her new pay rate. 2. Work out the new pay rate.
$12 + $0.96 = | $12.96 108% of $12 Ty 1.08«$12 = | $12.96
Her pay is now $12.96 per hour. The pay is now $12.96 per hour.

Solving Percent Problems by Making Up Numbers

Sometimes making up your own numbers can help you solve problems
that involve percent increases and decreases.

100 is the best starting number to use with percentages.

The dollar amounts are equal The amount you go up or down from 100
to the percentages of100. is equal to the exact percent it went up or down.

0ld Price = $100 The decrease is 10%.
New Price =$90 The new price is 90% of the old price.

90% of $100 $90

0Old Price = $100 The increase is 25%.

125% of $100 = | $125 New Price = $125 The new price is 125% of the old price.

A bike went on sale for 30% off. Then the sales price was marked up by 20%.
The new price of the bike is what percent of the original price of the bike?

This is the wrong answer: 100% — 30% + 20% = 90% ofthe old price -, @
8 $ Old Price Sale Markup {;‘;ﬁ,ﬂ-

Since an original price is not given, we will make up a price to solve the problem.

We will let the original cost of the bike be $100.

First find the sales price. Now find the marked up price.
There was a 30% discount. The sales price was marked up 20%. 01d Price = $100
30% of $100 = $30 20% of $70 = $14 New Price = $84
Sales Price New Price The new pricels
84% of the original price.
= $100 — $30 = $70 = $70+$14 = |$84
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For completeness, we will also solve the problem algebraically.
Let X be the original cost of the bike.

First find the sales price. Now find the marked up price.

There was a 30% discount. The sales price was marked up 20%. 0ld Price = X
100% -30% = 70% 100% + 20% = 120% New Price = 0.84X
The sales price is 70% The new price is 120% The new price is

of the original price. of the sales price. 84% of the original price.
Sales Price = 0.70X New Price = 1.20(0.70X) = 0.84X
Percent Change

There are times when you may need to calculate how two quantities change
percentage-wise from one point in time to the next.

Below is the formula for finding the percent change from an old value to a new value:

New — Old Percent _ New Value — Old Value New — Old

old Change ~ 0old Value x 100 old

If there’s a percent increase, the answer will be positive.
If there’s a percent decrease, the answer will be negative.

A bucket contains water that is 16 inches high. i i The original price of a coat was $75.
A boy later fills the bucket to 20 inches high. i ' A store has a sale and now sells the coat for $30.
By what percent did the water’s height increase? | i What was the percent discount of the coat?

_________________________________________________________________________________________________

0Old Value: New Value: 0Old Value: New Value:
16 Inches 20 Inches $75 $30
Percent _ 20-—16 _ Percent _ 30-75 _
Change — —16 x 100 = 0.25 x 100 Change — = x 100 = -0.6 x 100
= | 25% =1 -60%
There was a 25% increase in height. The coat was discounted by 60%.

Solving Percent Problems By Translation

Some percent problems can be solved by translating words into simple equations.
Below are examples of basic percent problems that can be solved with an equation:

15% of what number is 9? 18 is 24% of what number?

What is 140% of 85?
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When you see the words below in a percent problem, .
you change them to the symbols below:

Let ‘X’ be the answer to the problem.
IS |:> EQUALS Change the words to an equation:
= What is 140% of 85?
What Number, [> MISSING VALUE N 2NN

What Value

“x” X =140 o 85
What
Solve the equation:
OF MULTIPLY _
. X = 14085
You must change any percents to decimals X =19
when solving the equations. 140% of 85 is 119.
i 15% of what number is 9? , ! 18 is 24% of what number? ,
Change the words to an equation: Change the words to an equation:
15% of what number is 9? 18 is 24% of what number?
( J ( J
L v I Wil v
0.15 X =9 18 =0.24 « X
Solve the equation: Solve the equation:
015X = 9 X=160 18 = 0.24X X=17
15% of 60 is 9. 18 is 24% of 75.
Using the IS/OF Formula

Another way to translate and solve percent problems is to use the IS/OF formula
and cross multiply to find the unknown value.

Part Part (%) IS PERCENT
= Changes To =
Whole Whole (100%)

OF 100

There are 3 rules you follow when using the formula:

[ Rule #1 ]

Percents (30%, 65%, 5.5%, 700%)
always go into the “PERCENT” spot.

( Rule #2 ] Rule #3 )
The number that is closest to the word “is” The number that is closest to the word “of”
goes into the “IS” part of the formula. goes into the “OF” part of the formula.
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15% of what number is 9? IS
9 _ 15 OF
X 100

PERCENT What percent of 20 is 7?
100 7 _ X
20 100

Percents go into the “percent” spot even if they’re closest to the word “of” or “is”.

________________________________________

Break down the problem:

Break down the problem:

What is 140% of 85? 18 is 24% of what number?
v\ v v
Goesinto Goes into Goesinto Goes into
PERCENT OF IS PERCENT
IS _ PERCENT IS _ PERCENT
OF 100 OF 100
X _ 140 The “IS” part 18 _ 24 The “OF” part
85 100 is missing. X 100 is missing.
After cross multiplying: After cross multiplying:
X =119 X=175
Practice Problems

3. A particular shirt at a store costs $15. If sales tax
is 4% on all items sold, how many $15 shirts would
need to be bought in order for the sales tax paid to be

1. A video game that was originally $36 is marked up
by 25%. A coat that was originally $40 is discounted
by 20%. If a person buys both items at their new

prices and the sales tax rate is 5%, what is the total $7.20?
cost of the items, including sales tax?

A. 10
A.$76.85 B.12
B.$77.65 C. 14
C.$78.75 D.16
D. $80.85 E.18
E. $82.75

4. Kean has 260 sports trading cards. If 30% of the
cards he owns are baseball cards and 45% of the cards
he owns are football cards, how many trading cards
does he own that are not football nor baseball?

2. John and Matt work at the same department store.
John makes $10 per hour and Matt makes $12 per
hour. John gets a 5% pay raise and Matt gets a 6% pay
raise. When the pay raises go into effect, how much

more money will Matt earn than John whenever they A. 35

work an 8-hour shift? B. 65
C.185

A.$16.00 D. 195

B. $16.80 E.225

C.$16.96

D.$17.76

E. $18.00
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5. A basketball player so far has made 30 out of his
50 free throws attempts for a free throw percentage
of 60%. If he misses 4 of his next 10 free throws,
what will be his updated free throw percentage?

A.50%
B.56.7%
C. 60%
D. 64.3%
E. 66.7%

6. Regina visits a taco truck on the street and buys 6
tacos that cost $1.50 each. On top of that, she gives the
cook a 15% tip for the tacos. If Regina pays no sales
tax for the tacos, how much change would she get back
if she gives the cook a $20 dollar bill?

A. $8.75
B. $9.20
C.$9.65
D.$11.00
E. $12.35

7. A laptop computer in a store is dropping in price.
Initially, the laptop was put on sale for 10% off. Later
on, the store decided to put the laptop on clearance by
taking 50% off the sales price of the laptop. The
clearance price of the laptop is what percent of its
original price?

A. 40%
B.45%
C.55%
D.60%
E. 65%

8. At a clothing store, a dress that originally cost $80 is
now on sale for $56. What percent was taken off from
the original price of the dress?

A.30%
B.35%
C.40%
D. 45%
E.50%

9. 5% of 80 is equal to 25% of x. What is x?

A. 16
B.18
C.20
D. 24
E.30

10. In a survey of 600 households, 55% of the
households are owned by married couples. Of the
households that have married couples, 30% of them
also have children that reside there. How many of the
households surveyed are occupied by married couples
with children?

A.81
B. 99
C.198
D. 231
E.510

11. A hotel on a busy night had 800 of its rooms
occupied. The next night, only 762 rooms were
occupied. By what percent did the number of occupied
rooms drop at the hotel?

A.3.5%
B.3.75%
C. 4.5%
D.4.75%
E.5%

12. What is the sum of 0.25% of $100, 2.5% of $80,
and 250% of $607?

A. $152.25
B.$154.50
C.$170.25
D.$172.50
E.$177.00

13. On a sales tax-free weekend, a mother goes out
and buys notebooks for her kids before they go back
to school. She goes to a store where every item in the
store is 20% off. If the retail price of a notebook at the
store is $0.80, what is the maximum number of
notebooks she can buy on sale with $15?

A. 15
B. 16
C.20
D. 23
E. 24

14. If x% of 30 is 6, what is x% of 6?

A.0.6
B.1.2
C.1.8
D.2.4
E. 3.0
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Use the situation below to answer questions 15-17.

Three jars of liquid are sitting on a table. The jars are
labeled A, B and C. The jars contain 6 ounces, 8 ounces
and 10 ounces of liquid respectively.

Jar A

Jar B Jar C

[f 0z ’ 8 oz ’10 0z

15. The volume of liquid in Jar A is what percent of the
volume of liquid in Jar B?

A.60%
B.75%
C.80%
D.133%
E.167%

16. The volume of liquid in Jar C is approximately
what percent of the volume of liquid in Jar A?

A.60%
B.75%
C.80%
D.133%
E.167%

17. If the liquid in all three jars are combined and
poured into one large container, what percentage of
the liquid would have come from Jar A?

A.25%
B.33%
C.42%
D.58%
E. 75%

18. The price of a stock is fluctuating in price. First, the
original stock price rose by 30%. After reports of a
questionable economic future, the stock price
suddenly drops by 40% from its peak stock price. The
new price of the stock is what percent of the original
price of the stock?

A.75%
B.78%
C.88%
D.90%
E. 98%

19. Given that 9% of a number is 18, what is 3/10 of
that same number?

A.30
B. 60
C.90
D. 120
E. 200

20. An item at an electronics store costs d dollars.
Due to demand, the item is marked up by p%.
What is the new price of the item in terms of d and p?

dp
A.d+100

B.d +dp
Cd+p
D.d +100dp

b
E.d+100

21.1f 12 is 15% of a number, what is 200% of that
number?

A. 80

B. 120
C.160
D. 240
E. 360

22. Alawn chair is on sale for 10% off its retail price.
If the retail price of the chair is $60 and sales tax is
2.5%, how much would it cost someone to buy the
discounted chair including sales tax?

A. $54.00
B. $54.15
C. $55.35
D. $61.50
E. $67.50

23. The price of a box of popcorn in a movie theater
was raised by 20% from January to February and
raised by another 30% from February to March. What
was the percent increase in the price of popcorn from
January to March?

A.50%
B.54%
C.55%
D.56%
E. 60%
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Use the situation below to answer questions 24-27.

Forty math and science books are sitting on a
bookshelf in a library. The composition of the books
on the shelf are listed in the table.

Subject | Number of Books

Algebra 15
Geometry 10
Chemistry

Biology 6

24. What percent of all the books are math books?

A.25%
B.37.5%
C.62.5%
D.77.5%
E. 85%

25. What percent of all the books are biology books?

A. 6%
B.15%
C.22.5%
D.25%
E.37.5%

26. The number of chemistry books make up what
percent of the science books on the shelf?

A.22.5%
B.25%
C.37.5%
D. 40%
E. 60%

27. The number of geometry books is what percent of
the number of math books on the shelf?

A.22.5%
B.25%
C.37.5%
D.40%
E.60%

28. 1.35% of what number is 54?7

A4

B. 40
C.400
D. 4000
E. 40000

29. A college textbook that was priced at $72 last year
is now being sold at a bookstore for $90 this year. By
what percent was the textbook marked up?

A.18%
B.25%
C.35%
D. 45%
E.75%

30. In a nationwide survey, 56% of millennials are not
married. What fraction of the millennials surveyed
are married?

A.9/20

B.11/20
C.11/25
D.14/25
E.13/50

31.3/4 of 48 is equivalent to 25% of what number?

A. 144
B.156
C.164
D.172
E. 196

1 1
32. Whatis 127%of1??

A.0.145
B.0.150
C.0.175
D. 0.185
E.0.250

Solutions: 1D, 2D, 3B, 4B, 5C, 6C, 7B, 84, 94, 10B, 11D,
12A, 13D, 14B, 15B, 16E, 17A, 18B, 19B, 204, 21C,
22C, 23D, 24C, 25B, 26E, 27D, 28D, 29B, 30C, 314, 32B
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1.6 Money Problems
"~ and Amount Matching

N at <&~

In the previous section, money problems that involved percentages were covered.
In this section, we will focus on money problems that do not involve percentages.

Types of Money Word Problems

Initial Fee + Rate Problems

In these types of problems, there is a fee you must pay upfront.
Then you get charged a certain amount for continuing the service.
An insurance plan charges an initial fee of $50 and requires a recurring payment of
$15 per month. What is the total cost to keep the plan for 6 months?

Each month costs $15: Now add the $50 fee:
$15 X 6 l’nonthS — $9O $9O + $50 — $].4O The total COSI:, iS $].40
6 months cost $90 6 months Fee for 6 months of insurance.

Sometimes you may have to calculate how long you can keep a service
if you put down a certain amount of money at the beginning.

An insurance plan charges an initial fee of $50 and requires a recurring payment of
$15 per month. A man has $170 to pay for his fee and insurance plan.
How many months can he pay for?

_______________________________________________________________________________________

There are several ways to solve the problem.

[ FIRST WAY: ]
First, subtract out the fee: Now divide to see how many months you can buy with $120:
$170 - $50 = $120 $120 + $15 = [ 8 months The man can buy
$120 is left over. Monthly 8 months of insurance.
Fee
( SECOND WAY: )

We can set up an equation to find out how many months the man can pay for.

Let n = Number of Months: Solve the equation:
50 + 15n =170 50+15n = 170 Subtract 50 on both sides
L
15n = 120 Divide 15 on both sides
Initial Monthly , Number | _ Money e
Fee Fee of Months | — to Spend The man can buy
n=38 )
8 months of insurance.
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Another situation where an initial fee plus a rate applies is when mass producing products.

Usually, an initial cost is put down to buy the factory or machinery to make the products.
Then each product costs a certain amount to produce.

i Kala is selling homemade soaps. She buys a soap-making machine for $800.
i It costs about $1.75 in materials to make each bar of soap.

What expression can be used to model the total cost of making b bars of soap?

_________________________________________________________________________________________

[ Total Cost = $800 + ($1.75 x I;‘fusfg:;;) }::>[ Cost = 800 +1.75b OR Cost = 1.75b + 800 J

Amount Matching Problems

Sometimes you may be given two different plans and you will need to figure out
when the plans will come out costing the same amount of money.

To get a gym membership at Tight Abs Fitness Club, you must pay an application fee
of $15 and a monthly charge of $25 a month. To get a membership at Big Biceps Fitness Club,
you must pay an application fee of $35 and a monthly charge of $20 a month.

After how many months will the amount of money paid under both plans will be equal?

We will also solve the problem two different ways.

[ FIRST WAY: ]

We can calculate the cost from month to month until we see that the costs are equal.

1st Month 2nd Month 3rd Month 4th Month

Tight Abs $15 + $25 = $40 \::: [ ::: :VI\

Fitness :>{ Fee Month ) +8$25 $65 +§25 $90 +$25 $115
Big Biceps $35 + $20 = $55 “::: i ‘::: :::

Fitness :>{ Fee Month ) +$20 $75 +$20 $95 +$20 $115

The costs will be the same after 4 months.

( SECOND WAY: )

We can set up an equation to find out when the membership plans will be equal in cost.

Let n = Number of Months: Solve the equation:
) - . - 15+25n = 35+20n Subtract20n
Tight Abs Fltnesbs. Big Biceps Fltness. 15+50 = 35 Subtractls
Number Number _ .
$15 + ($25 X gy 28T $35+ ($20 X pproris 5n 5,20 Divide 5
_ ~ The costs will be
15+ 25n - 35+ 20n n=4 equal after 4 months.
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Amount matching is also used in situations other than money.

A bucket that contains 2 gallons of water is getting filled at a rate of 0.25 gallons per minute.
Another bucket that contains 11 gallons of water is losing water at a rate of 0.5 gallons
per minute. After how many minutes will the amount of water be the same in both buckets?

The first way to solve the problem is to calculate the water level every minute for
each bucket until their water levels are the same.

The second way to solve the problem is to set up an equation.

Let m = Number of Minutes: Solve the equation:
. 2+0.25m = 11-0.5m AddO0.5m

First Bu;ketia Second B;ck(]ejt. 2+075m = 11  Subtract2
umber umber _ ..

2+ (0'2'5 X of Minutes - (0'5 X of Minutes 0.75m = 9  Divide 0.75

3
2 + 0.25m = 11 - 0.5m m =1 | Theyareequal
after 12 minutes.

Work + Overtime Problems

Overtime is an increase in pay that people get for working above 40 hours a week.

In an overtime pay system, employers pay 1 % or 1.5 times
a person’s hourly wage for each hour worked over 40 hours in a week.

Below is an example of finding the total pay of a person who worked overtime.
Deneka’s normal pay rate is $8.30 an hour for all hours worked up to 40 hours a week.
For every hour above 40 hours in a week, she gets paid 174 times her normal pay rate.

How much money does Deneka earn for working 48 hours in a single week?

( N\ [ )
Find the money earned Calculate the Overtime = 48 - 40 = 8 extra hours
for the first 40 hours: overtime hourly rate: Find the money earned
) $8.30 x 15 = $12.45 for 8 hours of overtime:
$8.30 x 40 hours = $332 per hour $12.45 x 8 hours = $99.60
. AN /

Now add together the money earned for regular hours and overtime hours to get the total pay:

$332 + $99.60 = | $431.60 Deneka earned $431.60

Regular Overtime Total Pay for the week.
Pay Pay

Profit Problems

Revenue is the money you make from selling goods and services.
Profit is the revenue or money you keep after paying for costs and expenses.

$ ( Profit = Revenue - Costs ) $
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Doug is selling his novels for one day at a book fair. It costs him $50 to rent the table for a day.

He sells each book for $12 each. The cost to print each book was $4 each.

What expression can be used to model the profit made in selling n novels at the book fair?

There are two ways to look at the problem.

________________________________________________________________________________________________

FIRST WAY: ] [ SECOND WAY:
Doug makes a profit of $12 — $4 = $8 on each book. Profit = frI({)fr\ll%no%?{s _ Makcigsgt ]ggoks _ Cﬂ?:]gl%f
For ‘n’ novels, he will make a profit of 8n. ($12 x Novels)  ($4 x Novels) ($50)
($8 Profit x Novels Sold — 8n)
= 12n - 4n - 50
He also needs to subtract off the $50 table. n n
= 8n - 50

[ Profit = 8n -50 ]

Other Types of Money Problems

Sometimes you are asked to calculate the difference in the cost of two situations.

Lisa has a credit card balance of $1200. She started off by making an initial payment of $300
and then made 24 additional payments of $60 each to bring her credit card balance to zero.

If you include all the payments, how much money would Lisa had saved
had she paid off the credit card bill in one big payment?

We already know it costs $1200 to make a one-time payment.
All we have to do now is calculate the total cost for the 25 payments:

Total amount of money spent by Lisa: Find the difference in cost:

$300 + ($60 x 24 Payments) = $1740 $1740 - $1200 = | $540
1st Payment Next 24 Payments Lisa would have saved $540.

Sometimes you may need to use one item to find the price or quantity of another item.

A school is selling adult and child tickets to a play. The cost of an adult ticket is $8.75.
If four adults and seven children can attend the play for a total of $71.75,
what is the cost of a single child ticket?

We know each adult ticket costs $8.75.
Use the adult ticket price to find the cost of each child ticket:

of four adult tickets:

Find the cost Subtract the adult tickets

Now get the cost of a child ticket:

from $71.75:

$36.75 + 7Kids = | $5.25

$8.75 x 4 Adults = $35

$71.75 — $35 = $36.75

Total Adults Left Over A child ticket costs $5.25.

We also could have used the equation (4 « 8.75) + 7c = 71.75 to find the cost of a child ticket.
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Practice Problems

1. Alibrary is selling used paperback and hardback
books at their bookstore. They are charging $0.25 for
each paperback book and $0.75 for each hardback
book. So far, the library has made $70 selling used
books. If they sold 58 hardback books, how many
paperback books did they sell?

A. 106
B. 108
C.110
D.112
E. 114

2. A person goes into the deli section of a grocery store
and buys 10 chicken wings and 8 chicken fingers. Not
including tax, the total cost of the food was $18.70. If
each chicken wing costs 95 cents each and each
chicken finger costs d dollars, which equation would
give you the cost, in dollars, of a single chicken finger?

A.10d + 8(95) = 18.70
B.10(0.95) + 8d = 18.70
C.10(8)(0.95d) = 18.70
D.10(95) + 8d = 18.70
E. 10d + 8(0.95) = 18.70

3. James works at a retail store and earns $9.40 per
hour. For each hour he works over 40 hours in a week,

. . 1 .. .
he gets paid an overtime rate of 17 times his normal

pay rate. What would be John'’s total pay for a week in
which he worked 50 hours?

A. $470
B. $503
C.$510
D.$517
E. $705

4. A man is getting one of the parts inside his car
replaced by a mechanic. The cost of the partis $75.50
and the mechanic charges $55 per hour of labor. If the
bill for the repair was $350.50, how many hours were
charged for labor?

Mmoo w>
Noy V1AW

5. Clarissa is buying a piano for $12,000. She makes an
initial payment of $1,500 and then gets a loan to pay
off the remaining balance. For the loan, she must make
monthly payments of $360 a month for 36 months.
When you add up the down payment and all her
monthly payments, the amount is how much more
than the original price of the piano?

A. $960

B. $2,100
C.$2,460
D. $2,820
E. $3,180

6. A bakery is selling quantities of cupcakes at
different prices. A single cupcake costs $2.75 each,
a half-dozen cupcakes costs $15.25, and a dozen
cupcakes cost $29.00.

If a person visits the bakery and decides to buy exactly
35 cupcakes, what is the least amount of money it
would cost to buy the cupcakes, not including tax?

A. $87.00
B. $88.50
C. $89.75
D. $90.25
E. $93.00

7. A woman sells scented soaps and lotions for a
beauty supply company. She earns a $4 commission
for each bar of soap she sells and a $5 commission for
each bottle of lotion she sells. This month, she sold b
bars of soap and L bottles of lotion. Which expression
represents the total commissions earned for the
month from selling soap and lotion?

A.9(L+b)

B. 4L(5b)
C.4(5)(L +b)
D. 4L + 5b
E.4b + 5L

48



8. Henry is selling pottery on the side to make more
money to pay his bills. It costs him $7,500 to purchase
the equipment. It costs $25 to make each pot, so he
decides to sell the pots for $60 each. If Henry sells p
pots, which of the following must be true?

[. The revenue made for selling p pots is 60p
[I. The combined costs for selling p pots is 25p + 7500

[1I. The profit generated from selling p pots since
starting the business is 35p - 7500

A.Tonly
B.I1and Il only
C.Tand Il only
D. Il and III only
E.1, Il and III

9. Emily decides to start a t-shirt business. She has to
pay $3,600 upfront to start the business. If each t-shirt
costs $2.50 to make, and she sells each t-shirt for $10
each, how many t-shirts will she have to sell to break
even?

A. 460
B. 480
C.500
D.520
E. 540

10. A music streaming service requires an initial fee of
$15 and a recurring fee of $4 a month. If a person pays
$100 in advance for the service, what is the maximum
number of months they can use the service?

A. 18
B.19
C. 20
D.21
E. 22

11. Two different machines are making toys. Machine
A has already produced 750 toys and makes 20 toys
per hour. Machine B has already produced 500 toys
and produces 25 toys per hour. After how many hours
will the total amount of toys produced by both
machines will be equal?

A. 40
B. 45
C.50
D.55
E. 60

12. At a movie theater, a group of friends bought 3
large bags of popcorn that cost $8.50 each. In addition
to the popcorn, the group bought 4 medium drinks of
soda. If the group paid a total of $44.90 for popcorn
and drinks, what was the cost for a medium soda?

A.$4.10
B. $4.35
C. $4.60
D. $4.85
E.$5.10

13. Jacob and Lucy both have bank accounts. Each day,
Jacob withdraws $10 of his cash each day whereas
Lucy deposits $25 to her bank account each day. On
January 1st, Jacob had $880 in his bank account, and
Lucy had $250 in her bank account. After how many
days will the money in both bank accounts be the
same amount?

A. 16
B.18
C.21
D. 25
E. 30

14. A coach purchases x soccer balls and y jerseys for
his soccer team at a sports store. The soccer balls cost
a total of $180. If the coach spent $720 at the store,
which expression gives the combined cost of 1 soccer
ball and 1 jersey? (You can disregard sales tax for this
problem.)

180 540
x Ty
B. 180x + 540y
Cx+y
D.540x + 180y
540 180

E.—+
x y

A.

15. A woman is renting a car. Driving the rental car
will cost her $45 per day and $0.40 per mile. If she
rents the car for Monday, Tuesday and Wednesday
and ends up with a total bill of $145.80, how many
miles did she travel with the car?

A.25
B. 26
C. 27
D. 28
E. 29
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Use the situation below to answer questions 16-17.

A taxicab service charges an initial fee of $5 to use the
service and $2.70 per mile to drive to the destination.

16. Mary decided to use the service. If the cost of her
trip was $23.90, how many miles were driven on the
trip?

mo oW
0 g O U1 n

17. Bob also decides to use the service. If he needs the
taxi to travel 12 miles to get him home, what will be
the cost of the trip?

A. $32.40
B. $35.10
C.$37.40
D. $40.10
E. $42.80

18. An organization is having a bake sale to raise
money. They are selling cookies for $2.50 each and
muffins for $3.25 each. They sold twice as many
cookies as muffins. If m represents the number of
muffins sold, which expression represents the total
amount of money that was earned from selling cookies
and muffins at the bake sale?

A.2.50m
B.3.25m
C.5.75m
D.8.25m
E.8.75m

19. An amusement park is offering special packages to
families. A family of 4 can get a one-day pass to the
park for a total of $78. A family of 5 can get a one-day
pass to the park for a total of $82. How much cheaper
does it cost per person to attend the park under the
5-person deal compared to the 4-person deal?

A.$3.10
B. $3.30
C.$3.50
D. $3.70
E. $3.90

20. David is buying a $4,800 treadmill. He makes a
down payment of $250 and gets a loan to pay off the
remaining balance. For the loan, he must make
monthly payments of $175 a month for 36 months.
How much extra will David have to pay overall by not
paying for the treadmill in one large payment?

A. $1,500
B. $1,750
C.$1,925
D. $2,100
E. $2,275

21. A cell phone plan from Phone Company A requires
an activation fee of $65 and a monthly payment of $40
a month. A cell phone plan from Phone Company B has
a $15 activation fee and a monthly payment of $50 a
month. If both cell plans are started at the same time,
after how many months will the total spent from each
plan will be equal?

A.5
B.6

Mmoo
O o0

22. A monthly phone service charges 4 dollars to make
an international phone call, plus an additional 50 cents
per minute for each minute connected to the call.
Which equation below shows the association between
m, the amount of minutes connected to the call, and c,
the full cost of the international call, in dollars?

c=054+4m
m=4+0.5c
c=4+50m
. m=50+4c
.c=4+05m

Mmoo W

Solutions: 1A, 2B, 3D, 4C, 5C, 64, 7E, 8E, 9B, 10D, 11C,
12D, 13B, 14A, 15C, 16D, 17C, 18D, 194, 20B, 214, 22E
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1.7 Ratios, Rates and Proportions

Writing Ratios

A ratio is a comparison between two or more objects or things.

What is the ratio of arrows to stars in the picture?

There are 3 ways to write a ratio: J\ ﬁ g’ ﬁ G’ ‘J} i

A
A:B =2 = AtoB ‘/ We have 3 arrows to 2 stars.

B The ratio of arrows to stars is 3 to 2.

-3 _
3:2 = > = 3to2

Writing Ratios in the Correct Order

With ratios, the order you write them matters.

There are 11 cows to 4 horses.
The ratio of cows to horses =11to 4

On a farm, there are 11 cows and 4 horses. i

There are 4 horses to 11 cows.

The ratio of horses to cows =4 to 11

! 1. Find the ratio of cows to horses.
i 2. Find the ratio of horses to cows.

Reducing and Simplifying Ratios

Since ratios can be written as fractions, they can also be reduced to lowest terms.

o e The ratio of white balls to black ballsis 6 : 9
i In a paper bag there are 9 black balls, : 6  Reduce 6+ 3 )
: 8 gray balls and 6 white balls. 6:9 = 9 — ?¢3 = 3
i Find the ratio of white balls to black balls. i
L o o o e e ! The ratio can be reducedto2:3
There are 6 white balls for every 9 black balls. There are 2 white balls for every 3 black balls.

o0
SAME AS L tr @

6:9=2:3
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Three-Part Ratios

We can write ratios as a comparison of three items as well.

w330

We have 2 stars to 1 circle to 3 arrows.

2:1:3 or 2tolto3

What is the ratio of stars to circles to arrows in the picture?

______________________________________________________________

Equivalent Ratios and Multiplication

You can make an equivalent ratio by multiplying the entire ratio by the same number.

4 N
All the ratios below are equivalent. There is 1 circle for every 2 squares.
NS I
1:2 1:2
<+ <+
1:2 3:6
\ J
“Sum” Ratio Problems
Sometimes the ACT will give you a ratio of two things that add up to some value.
i Adam and Mary have ages that are in a ratio of 5: 7. !
i If their ages add up to 36, find their ages. ,
We will solve the problem two different ways.
[ FIRST WAY: ]
Set up the problem: Solve the equation: Find their ages:
We do not know Adam or Mary’s age. 5% + 7x = 36 Adam = 5x = 53
(They are clearly not 5 and 7 years old.) 12x = 36 = 15years old
Use “x” as a multiplier aSg Mary = 7x = 7+3
to keep their ages at aratio of 5: 7. Rx = 36 = 2l years old
r 12
Adam’s Mary’s X = 3 They still have a ratio of 5:7.
=3
Age Age _ Pluginx=3 15:21 = 1577 2 = 57
5. + 7x = 36 to get their ages. 2123 7
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( SECOND WAY: )

We can multiply the ratio by a number so that their ages add up to 36.

+”> +”> The ages now add up to 36.
5:7 = 15:21 15 +21=36
P78 L Adam =15 years old , Mary = 21 years old J

Combining Ratios

If two ratios have the exact same thing in common,
we can combine the ratios to make a new ratio.

_______________________________________________________________________________________

Inside a closet are shirts, ties and hats. The ratio of shirts to ties is 2:3.
The ratio of ties to hats is 3:5. What is the ratio of shirts to hats in the closet?

There are 2 shirts for every 3 ties:

T i

|'

There are 3 ties for every 5 hats:

1884448458

||
I\
Y
|

)
y

'|
For every 3 ties, f\/ /
/

we will have 2 shirts and 5 hats.

M |
Venasssas |-

The ratio of shirts to hatsis2:5

In a fruit basket, the ratio of apples to pears is 5to 6.
The ratio of lemons to apples is 14 to 5.
Find the ratio of lemons to pears.

p
Both ratios use the number of apples. Reduce the answer:
We can combine the ratios.
46 = 14 Reduce, 14*2 | 7
For every 5 apples, 0T 6 6:2 | 3
we have 14 lemons and 6 pears.
The ratio of lemons to pearsis 14 : 6. The ratio of lemons to pearsis 7: 3
J

Let’s look at an example where two ratios have something in common,
but the amounts are not identical in both ratios.
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At a picnic, the ratio of boys to girls is 3:4.
The ratio of pets to girls is 2:5.
Find the ratio of boys to pets at the picnic.

N A
The ratios do not have the same number of girls. Change each ratio to 20 girls:
We need to make them the same. N
+2 49 + 4>
Find the LCM to make the girls match: 3:4 = 15:20 2:5 = 8:20
)
: : S S
3 boysto 4 girls 2 pets to 5 girls
Multiples of 4: Multiples of 5: ‘l/ For every 20 girls,
we have 15 boys and 8 pets.
4,8,12,16, 20, 24... 5,10,15, 20, 25...

We can multiply and give both ratios 20 girls. The ratio of boys to pets is 15 : 8

S J N\ J

Rates and Unit Rates

Rates are ratios where the units are always shown.

In many cases, we use the word “per” to show a rate.
“Per” means ‘for every’ or ‘for each’.

i A man drove 50 miles every 2 hours i ' It costs $3.99 for each pound of chicken i
50 miles = | 50 miles per 2 hours _93.99 = | $3.99 per pound
2 hours 1 pound

The rate of “$3.99 per pound” is called a unit rate.
In unit rates, the first unit is related to 1 part of the second unit.

If you want to change a normal rate into a unit rate,
just divide in the exact order you want the rate to be written.

E A car travels 80 miles on 4 gallons of gas. i A car travels 80 miles on 4 gallons of gas. i
i What is the average number ! What is the average number :
i of miles travelled per gallon of gas? i of gallons consumed per mile? i

______________________________________________________________________________________________

We want miles per gallon. We want gallons per mile.
Divide the amounts in that order: Divide the amounts in that order:
80 miles IZ> 80 20 miles for 4 gallons IZ> 4+ IZ> 0.05 gallons
4 gallons each gallon “80 miles =0. ()5 for each mile
20 miles per gallon 0.05 gallons per mile
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Solving Proportions with Cross Multiplication

A proportion is an equation that has one fraction on each side.

i = i [ Proportions ] i = E
4 - 12 b 5 - 20

We can cross multiply to show that two fractions are equal.

AXD | «_ > | BxC When two fractions are equal,
Aw X P AY |:> AXD =BxC
B-7"SD

| These fractions 2 _ 6 i | These fractions 4 _ 16 !

i are equal. 4 T 12 i are equal. 5 720
2012 €= 2 < 5 6> 446 4420 <— 4 « 516> 5+16
=21 AN =2 =50 530 =80

24 = 24 80 = 80

If we know that two frac

We can solve fo

tions are equal, we can cross multiply to find unknown values.

r X in a proportion with or without using an equation.

Solve Proportions Without an Equation

Find the value of X: ;
3 _X

6 10 !

Find the value of X: |
X _ 2

9 5 .

p
STEP1: STEP 2:
Cross multiply the diagonal Divide by the number that is
that does not use X. cross multiplied with X.
S X 3 X
6 10 6 10
3.10 E>3O——-—--—-| ————— >30:6 5 |5
&
Cross multiply the diagonal Divide by the number that is
that does not use X. cross multiplied with X.
X 2 X 2
9 5 8 \ 5
9¢2 18 ------------ >18+5 0 3.6
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Solve Proportions With an Equation

i Find the value of X: |
3 _x
| 6 10 i
i Find the value of X; |
X _2
9 5 '

STEP1:
Cross multiply the diagonals.

3010 €= 3 oy X > 6+X
“30 6 NTp  =ex

6X = 30

STEP 2:
Solve the equation for X.

Divide by 6:
¥X = 30

K K
X =|5]

Cross multiply the diagonals.

Xe5 €= X v 2> 902
=5 9 5 =18

5X =18

Solve the equation for X.
Divide by 5:
=18

X X
X =

Cross Multiplying to Solve Word Problems

With some word problems, you are given an old ratio and you need to use them to find a new ratio.

Many of these types of problems can solved by cross multiplying.

On a warm day, the temperature rose 15 degrees in 6 hours.
If the temperature keeps going up at the same rate, how long will it take to rise 25 degrees?

When you set up the problem, always write the ratios in the same order.

This is OK This is OK This is NOT OK
15degrees _  25degrees 6hours _  Xhours 15degrees _  Xhours
6 hours X hours 15 degrees 25 degrees 6 hours 25 degrees
a8 S
L o_ 25 6 - X L - X
6 X 15 25 6 25

The ratios are in the same order.

The ratios are in the same order.

degrees _  degrees
hours hours

hours _  hours
degrees degrees

The ratios are not written
in the same order.

You will not
get the correct answer.

Word problems where quantities are going up or going down at the same rate

can usually be solved with a proportion.
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I:> “Same Rate” or “Same Ratio”

Key words in rates and ratios E> “At this Rate” or “At that Rate”
word problems: I:> Increase or Decrease I:> Increase or Decrease
“Proportionally” “Linearly”

Also, word problems that use recipes,
maps and scale drawings can also be solved by cross multiplying.

_______________________________________________________________________________________________

For a state map, % inch is equal to 10 miles.
If two cities on the map are 5 ¥4 inches apart, how many miles apart are the two cities?

Set up the problem: Cross multiply and solve for X:
[ OldRatio: | [ New Ratio: | 075+ X <— 0.75 v 7525 *> 10+5.25
: : = 0.75X 10 "~ X =52.5
0.75 inches _ 525 inches
10 miles X miles 0.75X = 52.5
NOTE:
%=0.75 075 _ 525 X=70
5% =525 10 X The cities are 70 miles apart.

_______________________________________________________________________________________________

A kid bought five bags of candy for $12.50.
If each bag is the same price, how much does it cost to buy 8 bags of candy?

We will solve the problem two different ways.

SECOND WAY:

Find the cost of 1 bag.
Then multiply by 8 to find the cost of 8 bags.

FIRST WAY:
Set up a proportion and cross multiply.

[ 0ld Ratio: ] [ New Ratio: ] Find the cost of 1 bag of candy:
5bags _ 8bags $1%£? Tng; $2.50 per bag
$12.50 $X

5 - 8 Now find the cost of 8 bags of candy:
1250 X

$2.50 x 8 =$20
X =20 8 bags of candy cost $20.

Earlier in the ratios chapter we covered how to solve “sum” ratio problems.

These types of problems can also be solved with a proportion,
and we show an example on the next page.
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At a birthday party, the ratio of men to women is 5 to 3.
If there were 72 adults at the party, how many of the adults were men?

Use the total adults and the number of men [ 01d Ratio: ] [ New Ratio: ]
to set up the proportion.
5men _ X men
5Men +3 Women = 8 Adults Badults _ 72adults
For every 8 adults that are at the party,
5 of the adults will be men. % = %
men _ men X = 45

adults adults

There were 45 men at the party.

We will end with two word problems that can be solved with a proportion.

A bugis moving at a rate of 15 inches

The ratio of cars to trucks in a parking lot |
' per minute. At that rate, how many inches

is 3:2. If there are 21 cars in the parking lot,

how many trucks are in the parking lot? did it travel in 14 seconds?

[ Old Ratio: ] [ New Ratio: ] [ Old Ratio: ] [ New Ratio: ]
3 cars _ 2lcars 15 inches _ Xinches
2 trucks X trucks 60 seconds 14 seconds
3 21 (We changed 1 minute into 60 seconds
T = Y to get the same units on each side.)
<>
X =14 15 - X
60 14

There are 14 trucks in the parking lot.

X =35

The bug travelled 3.5 inches in 14 seconds.

Measurement and Dimensional Analysis
There are some basic measurement conversions that are good to know before taking the ACT.
You are likely familiar with most of the conversions on this list:

Ly 1Minute = 60 Seconds Ly 1Hour = 60 Minutes IZ> 1Day =24 Hours Ly 1Week =7 Days
L) 1Kilometer = 1,000 Meters Ly 1Meter =100 Centimeters
[) 1Foot =12 Inches C> 1Yard =3 Feet

Any other conversions will usually be given to you on the test.
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Single Unit Conversions

There are generally two rules we follow when changing one unit to another unit:

[ When going from a larger unit to a smaller unit, } [ When going from a smaller unit to a larger unit, ]

you MULTIPLY: you DIVIDE:
Change 7 minutes to seconds: Change 24 feet to yards:
(1 minute = 60 seconds) (1yard = 3 feet)
7Minutes 5 7 x 60 =420 5> 420 Seconds 24 Feet [y 24+3=8 L 8Yards

The rules make sense.

When you take something large and make it smaller, it requires cutting it up into more pieces.
When you take smaller pieces and combine them, they form a small number of large pieces.

A bucket contains sand that weighs 5 pounds, 4 ounces. E
If1/3 of the sand is removed, how much sand is left in pounds and ounces? !
(1 pound =16 ounces) i

The easiest way to solve the problem is to convert everything to ounces.
After subtracting off a third of the total ounces, we can convert the ounces back to pounds.

Find the total ounces: Change 56 oz to pounds and oz:
Take away 1/3 of the sand:
5pounds > 80 ounces 56 ounces + 16
4ounces —» + 4ounces 1/3 0f 84 =28 oz =3R8
84 ounces 84 - 28 = 56 ounces left

= | 3 pounds, 8 ounces

Dimensional Analysis

Dimensional analysis is the process of converting a given rate into a different rate.

When converting rates, you multiply and cancel units until the units you want are left over.

120 meters $ 120 meters 1heur _ 120 meters

: = - 2 meters per minute
1hour lheur 60 minutes 60 minutes P

There are two basic rules we follow when changing rates:

1. When you multiply by a fraction, the top and bottom must be equal to each other.
2. The fraction you multiply with should cancel out units in your problem.

( Notice how each fraction or ratio is equal on the top and bottom. )
1 hour = 60 minutes 3feet=1yard 1 kilometer = 1000 meters
1 hour 3 feet 1 kilometer
60 minutes lyard 1000 meters
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( Units will only cancel if they are diagonal to each other when multiplying. )

The hours units will not cancel: The hours units will cancel:
120 meters , 60 minutes _ 7200 m » min 120 meters lheur _ 120m
1hour 1hour - hr e hr 1heur 60 minutes 60 min
Looks confusing {32 Looks simple {£]

We do not need to change the seconds.
We will cancel out yards and replace them with feet.

Write 14 yards per sec. Cancel
as a fraction: yards: 143 =42

14 yards 14 yards 5 3feet _  42feet
1second 1second lyard ~ 1lsecond

42 feet per second

Change 1,320 feet per second to miles per hour
(1 mile = 5,280 feet)

We need to cancel feet and change it to miles.
We need to cancel seconds and change it to hours.

Write 1320 ft per sec. Cancel Cancel Cancel
as a fraction: seconds: minutes: feet: Multiply left to right:
1320 ft 1320 ff x 60sec x 60 prin X Imile _ 4,752,000 miles
1sec lsee 1 min lhr 5280 ff 5280 hours

= | 900 miles per hour

Direct and Inverse Variation

Direct and inverse variation refer to how variables and quantities change in relation to each other.

C In a direct variation, quantities go up and down in the same direction. )

Direct Variation: v
X
“y” varies directly with “x” X goes ﬁ goes @
Y goes {} Y goes{}
y = kx )

Below are examples of direct variation and their equations:

[OSI S
BN

Paycheck size varies directly with hours worked. T————> P=kH (P = paycheck, H=hours)
Circle area varies directly with the square of its radius. |:> A =kr? (A=area,r=radius)
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C In an inverse variation, quantities go up and down in opposite directions. )

Inverse Variation: y X
3 [7] xgoes ¥ .
“y” varies inversely with “x” X goes goes 114 y= 4
" Y goes <} Y goes {» 202 X
Y % x AL
Below are examples of inverse variation and their equations:
GPA varies inversely with hours partying. C—————> G= lﬁ{ (G =GPA, H = hours)
Car value varies inversely with number of accidents. |:> V= IK{ (V = car value, A = accidents)
( With both types of variation, k is called the constant of variation. )

The constant of variation (or proportionality) is the ratio of the two variables in a relationship.

X-Y tables with a direct variation: ] [ X-Y tables with an inverse variation: ]
y = kx Divide by x % =k y= IY( Multiply by x xy =k
If a table has a direct variation, If a table has an inverse variation,
y/x =k for all (x,y) pairs: xy = k for all (x,y) pairs:
_4 _ 12
y =2X y = 5x Y=< Y=3%
X |y k=2 X|y k=5 X|y k=4 X|y k=12
12| 2/1=2 6 (30| 5> 30/6=5 1{4]|D1.4=4 1| 2|D1.12=12
24| D4/2=2 8 [40| B> 40/8=5 202|02.2=4 2060 2.6=12
3/6|06/3=2 90450y 45/9=5 411 4.1=4 3(4|cC)3.4=12

You can also have situations that involve both a direct and inverse variation at the same time.

M varies directly with P |:> M = kP %

M varies directly with P, directly with Q,

and inversely with R:

M varies directly withQ [y M=kQ T——>

M = kPQ

,
I
!
i
I
i
i
i
i
i
i
i
I
i
I
i
i

R

M varies inversely with R II> M= 1?( &
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Solving Direct & Inverse Variation Word Problems

Sometimes you will have to solve word problems that involve variation.

These are the basic steps for solving variation word problems:

1. Set up the variation equation.
2. Use the first set of information to find k.
3. Use kand the second set of info to finish solving the problem.
If it is true that x varies inversely with y, and x =18 when y = 4,
whatisxwheny=37?

____________________________________________________________________________________________

First, get the equation: Use the first set of info to find k: Use k and the second set of info:
x varies inversely with y x=18, y=4 x=?,y=3
k k _ 72 _72
X = — 18 =— 72 =k X == X == =
k ko 20y x=2 )
The formulaisx = 7V_2 Whenyis 3, x = 24.

i The kinetic energy of an object varies directly with the square of its velocity. i
i If the kinetic energy of the object is 900 joules when its velocity is 10 meters per second, |
| what is the kinetic energy of the object when it moves at 12 meters per second? !

This problem is not as hard as it looks. Let’s break it down.

[ Kinetic energy varies directly with the square of the velocity. ]:[ E =kV?2 (E =energy, V = velocity) ]

Use the first set of info to find k: Now use k and the second set of info:
E=900, V=10 E=?, V=12
900 10 [ 900 =Kk(10)? 12 E = 9(12)>
vV 900 =100k E =9(144
E = kV?2 ok E = V2 144)

The kinetic energy
E = 1296 is 1296 joules.

The formula is E = 9V?2

Practice Problems
1. It costs $21 to play 4 games at a bowling alley. 2. From 1:00pm to 8:00pm, a person sold $3,150
How much would it cost to play 11 games at the worth of merchandise at a convention. How much
bowling alley? money on average did the person make per minute at
the convention that day?
A. $47.25
B. $52.50 A.$7.50
C. $57.75 B. $8.10
D. $63.00 C. $8.75
E. $68.25 D. $9.55

E. $10.50
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3. Arackis used for storing ties and belts. The ratio of
ties to belts is 9:4. If there are 36 belts in on the rack,
how many ties are on the rack?

A9

B. 48
C.54
D.72
E. 81

4. In a 12-ounce bottle of grape juice, there are 42
grams of sugar. How many grams of sugar should we
expect to find in a 16-ounce bottle of grape juice?

A. 35
B. 49
C.56
D. 63
E.70

5. Three bugs are moving on a table. In a one-hour
period, the first bug moved 2 feet, 9 inches, the second
bug moved 3 feet, 8 inches, and the third bug moved

1 foot, 11 inches. What was the combined distance
covered by all three bugs?

A. 7 feet, 6 inches
B. 8 feet, 4 inches
C. 8 feet, 6 inches
D. 8 feet, 8 inches
E. 9 feet, 2 inches

6. A 3-foot string of yarn is separated into two pieces.
If the ratio of the lengths of the two piecesis 7 to 11,
what is the length in inches of the larger piece of yarn?

A 11
B. 14
C.21
D. 22
E.33

7. Monica is carrying a purse with only quarters and
dimes. There are 3 quarters to every 4 nickels in the
purse. If there are 42 coins in her purse, what is the

monetary value of Monica’s quarters?

A. $4.50
B. $5.25
C. $6.00
D.$7.00
E. $7.50

8. There are forks, spoons and knives in a kitchen. The
ratio of forks to spoons is 7:4. The ratio of spoons to
knives is 6:7. What is the ratio of forks to knives in the
kitchen?

A 1:1
B. 2:3
C.3:2
D. 3:4
E. 4:3

9. John spent 75% of his paycheck this month on rent.
What is the ratio of the dollar amount that

was not spent on rent, to the dollar amount of his
paycheck that was spent on rent?

A.1:3
B.1:4
C.3:1
D. 3:4
E. 4:1

10. In a small city, 3 out of every 100 people are
vegetarian. If the city has 54 vegetarians, how many
people overall live in the city?

A. 1,600
B. 1,800
C. 2,000
D. 2,200
E. 2,400

11. Two stores are selling packs of the same type of
pen. Store A is selling packs of 12 of the pen for $5.76.
Store B is selling packs of 18 of the pen for $7.56.
What is the ratio of the cost per pen at Store A to the
cost per pen at Store B?

A.2to3
B.3to?2
C.3to4
D.7to 8
E.8to7

12. Janet swims on average 20 hours every week. At
this current rate, how many hours (to the nearest
tenth) can we expect her to swim in 5 days?

A.8.6

B.11.4
C.14.3
D.17.1
E. 28.0
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13. Emma and Jack both lost weight. Emma lost 34
pounds in 4 months. Jack lost 22 pounds in 3 months.
If these rates of weight loss were maintained for an
entire 1-year period, what would be the combined
weight lost in pounds by both individuals?

A. 168
B. 190
C.202
D. 212
E. 224

14. A garden has tulips, roses and daisies. There are
8 tulips for every 3 roses. There are 5 daisies to every
2 roses. What is the ratio of daisies to tulips in the
garden?

A.15:16
B.16:15
C.24:25
D. 25:24
E. 25:26

15. In a diagram, 1/4 of a centimeter is equivalent to
12 meters. If two objects are 5/8 of a centimeter apart
in the diagram, what is the actual distance between
the objects in meters?

A. 20
B. 25
C.30
D.35
E. 40

16. A particular species of frog can cover
approximately 22 inches in 4 jumps. At this rate, about
how many inches can the frog cover in 9 jumps?

A 44
B.49.5
C.55
D. 60.5
E. 66

17.Whatis 1/4 of 5 feet, 4 inches?

A. 1 foot, 2 inches
B. 1 foot, 3 inches
C. 1 foot, 4 inches
D. 1 foot, 6 inches
E. 1 foot, 8 inches

18. Dylan went to class to take a final exam. The
overall time he spent taking the exam and checking his
work was 2 hours and 6 minutes. For every minute he
spent checking his work, eight minutes were spent
completing the exam. How much time was spent
completing the exam?

A. 1 hour, 28 minutes
B. 1 hour, 34 minutes
C. 1 hour, 40 minutes
D. 1 hour, 46 minutes
E. 1 hour, 52 minutes

19. A child makes a necklace that uses squares,
triangles and circles in a ratio of 1:2:3. Below is a
portion of the necklace. If there are a total of 24
triangles on the necklace, how many circles are on the
necklace?

LA O OO AN OOO=

A 12
B. 24
C.36
D. 48
E.72

20. An insect travels 2 meters in 5 seconds. At this
speed, how many seconds did it take for the insect to
travel (2 — m) meters?

A.5—57m
13..5—2Tm
C.10 — 5m
D.10—2Tm
E.10 - 2°

21. There are markers, pencils are erasers in a drawer.
The ratio of markers to pencils to erasers is 2 to 4 to 3.
If there are 72 items in the drawer, how many of the
items are pencils?

A. 16
B. 24
C.32
D. 40
E. 48
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22. The scale of a map is 1 inch:18 miles. If the
distance between two cities is 45 miles, how many
inches apart are the cities on the map?

A.25
B.2.75
C.3
D.3.25
E.35

23.50% of x is equal to y% of 75. What is the ratio of
x toy?

A.2to3
B.2to5
C.3to2
D.3to5
E.5to 3

24. A philanthropic company is running a “Laps to
Fight Hunger” event. For every lap a person runs
around the track, $5 will be donated to charity.
Along-distance runner ran 40 laps at an average pace
of 2 minutes per lap. How much charity money did the
runner raise per minute of running?

A.$1.50
B. $1.75
C.$2.25
D. $2.50
E. $2.75

25. A recipe for a dipping sauce requires 15 fluid
ounces of olive oil, 3/4 teaspoon of oregano and 5
tablespoons of parmesan cheese. If the ingredients
keep the same ratio and the recipe is adjusted to use
10 fluid ounces of olive oil, how many teaspoons of
oregano would be needed?

A 1/4
B.1/8
C.3/8
D.1/2
E.5/8

26. The ratio 1.8 to 0.75 is equivalent to which ratio
below?

A.5:12
B. 6:25
C.8:5
D.12:5
E. 25:6

27. A bucket contains a liquid solution that weighs
3 pounds, 12 ounces. If 90% of the liquid solution is
water, what is the weight of the water in the bucket?

A. 3 pounds, 2 ounces
B. 3 pounds, 3 ounces
C. 3 pounds, 6 ounces
D. 3 pounds, 9 ounces
E. 3 pounds, 10 ounces

28. A particular dessert requires 3/8 cup of sugar and
1 1/2 tablespoons of vanilla extract. If | wanted to
make more servings of the dessert by increasing all of
the ingredients proportionally, how many tablespoons
of vanilla extract would I need with 3 1/2 cups of
sugar?

A 13
B. 14
C.15
D. 16
E. 17

29. A container contains a mixture of salt and sugar
that is in a ratio of 1 1/2 liters to 2 1/3 liters. This ratio
of salt to sugar is equivalent to:

A 2to7
B.7to2
C.7to9
D.9to 14
E.14t09

Practice Problems (30+)

30. A particular insect walks 27 feet per day. What is
the insect’s walking speed in yards per week?

A.51

B.54 NOTE:
C.57 (1 yard = 3 feet)
D. 60

E. 63

31. If an object is moving at 4 meters per minute,
what is its speed in centimeters per hour?

A. 2,400

B. 3,000 NOTE:

C. 15,000 (1 meter = 100 centimeters)
D. 24,000

E. 30,000
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32. Which answer choice in meters per second
is equivalent to 36 kilometers per hour?

A. 10

B. 100 NOTE:

C.1.000 (1 kilometer = 1,000 meters)
D. 10,000

E. 100,000

33. Given the values in the table, what form of
variation is displayed, and what is the constant of
variation?

y
12

A. direct, k=3

B. inverse, k = 3
C.direct, k=12
D.inverse, k=12
E. direct, k =4/3

[SC I NCT SN

34. Based on the values in the table, what type of
variation is shown, and what is the constant of
proportionality?

X
A.direct, k=4
B.inverse, k=4 3/4 3
C.direct, k=9 3/2 6
D. ipverse, k=9 5/2 10
E. direct, k =25

35. Based on the values in the table, what type of
variation is shown, and what is the constant of
variation?

X y
A. direct, k=1.8
B. inverse, k = 1.8 12 L5
C.direct, k=3.2 0.75 | 2.4
D.inverse, k= 3.2 045 | 4.0

E. direct, k = 1.25

36. The length of a test, L, in minutes, varies directly
with p, the number of problems on the test. A teacher
put 30 problems on a test and gave students 45
minutes to finish the test. What would be the length of
a test, in minutes, that contains 50 problems?

A. 60
B. 65
C.75
D. 80
E. 95

37.Itis known that h varies directly with v. If h = 72
when v = 4, what is the value of h when v = 7?

A. 115
B.120
C.126
D.132
E. 138

38. Given that its true that w varies inversely with c,
if w takes on a value of 9 when ¢ = 20, what value
does w take on when ¢ = 15?

A. 10
B.12
C.15
D.16
E. 18

39.Let H, A, B and C be variables that only take on
positive real number values. The variable H varies

directly with C, inversely with the square root of B
and directly with A. If k is the constant of variation,
which equation displays this relationship?

AC
A'H:WE
kA
B.H=m
kC
D.H = m
kAC
E'H:ﬁ

40. The pressure applied to a surface varies inversely
with the total area of the surface. When the area of a
surface was 6 square meters, the pressure exerted
was 24 Pascals. What pressure reading in Pascals
would we expect if the area of the surface was
increased to 9 square meters?

A 12
B. 16
C.18
D. 36
E. 48

Solutions: 1C, 24, 3E, 4C, 5B, 6D, 74, 8C, 94, 10B, 11E,
12C, 13B, 14A, 15C, 16B, 17C, 18E, 19C, 204, 21C, 224,
23C, 24D, 25D, 26D, 27C, 28B, 29D, 30E, 31D, 324,
33D, 34A, 35B, 36C, 37C, 38B, 39E, 40B
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1.8

Integers, Expressions
and Order of Operations

Math Operations with Integers

Before going into order of operations, we will give an overview
of adding subtracting, multiplying and dividing integers.

Adding Integers

Showing Addition Using Number Lines

When adding, the first number tells you where to start on the number line.
The second number tells you how to move or jump on the number line.

. ADD: | =
I -2 +-3 M [
! | I I S I I I L
_______________ | Startat -2 Move -3 6 -5 -4 3 -2 -1 0 1 2
;TTTTTTmmmomoe ! _ Move +4
. 3+4 Gt +O T 1T 1 @t
. | Startat -3 Move +4 6 -5 -4-3 -2 -1 0 1 2
Temperature is often used in explaining the idea of adding integers.
N
-~ ( 5+-2=3 \( 5+-5=0 ) 5+-7=-2 )
1 4 Itis 5 degrees outside. It is 5 degrees outside. It is 5 degrees outside.
3 The temp. drops 2 degrees. The temp. drops 5 degrees. The temp. drops 7 degrees.
1, N — S ey B
11 It will now be It will now be It is now -2 degrees.
3 degrees outside. 0 degrees outside. (2 degrees below zero)
—+0 o \ % J
4 -1
, ( 3+1=-2 \( 3+8=5 ( B+-2=-5 )
4 -3 It is -3 degrees outside. It is -3 degrees outside. It is -3 degrees outside.
4 The temp. rises 1 degree. The temp. rises 8 degrees. The temp. drops 2 degrees.
| o o o
2 It is now -2 degrees. It will now be It is now -5 degrees.
U (2 degrees below zero) 5 degrees outside. (5 degrees below zero)
) \ O\ %

Memorization Rules for Adding Integers

If you still get confused when adding integers,
there are rules you can memorize to help you add them.
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[ Adding Integers with the Same Sign

J {

Adding Integers with Different Signs

1. Add the numbers.
2. Keep the sign.

1. Ignore the signs and compare the numbers.
(Keep the sign of the bigger number.)

2. Subtract the numbers.

|
N
+
N

Ignore the signs: 7> 4
The answer is negative.

-3

7-4=3 )

Subtracting Integers

Subtraction is the same as adding by the opposite of the second number.

A - B
[1 I

SAME AS
v oV

A + -B

(To find the opposite of number, just switch its sign.)

__________________

Nren
8 - -2
O
8++2=

LS
-3 - 5
4

3+ 5= [3]

The ACT also likes using temperature changes in word problems involving integers.

! At the beginning of a wintry day, the temperature in Fahrenheit, was —5°F. i
i By the end of the day, the temperature had changed to 18°F. i
i What was the change in temperature from the beginning of the day to the end of the day? .

You can probably tell that the temperature went up, so the answer will be positive.

( We can set it up as an addition problem: > CYou can also find the change using subtractionz>

Begin _. End
Temp. RiS€ Temp.
-5 + X =18

The answer will be X = 23.

The change is +23°.

Changein —
Temperature

Ending
Temperature

Beginning
Temperature

Change = 18 - (-5) = +23°

Multiplying and Dividing Integers

When multiplying or dividing two integers:

IZ> If the signs are the same, the answer will be positive.

IZ> If the signs are different, the answer will be negative.

(+)+(-)=(-
(=) (+)=(-

—_~

N N

~3.10 = [-30]




Order of Operations

Order of operations are a set of rules that tell us the order

P a math expression should be worked out. P
E When you put numbers into your calculator, E
MD it works out the calculations using order of operations. MD
AS You can use the phrase “Please Excuse My Dear Aunt Sally” AS
( J to remember the order of operations. { J
START i SIMPLIFY: 48 + 4 — 5 2° + (10-3) i
P p th Work out any math problems 48 = 4 -5 2%+ (10-3
arentheses that are inside parentheses. ’ -2 ( n )
Work out any numbers . 3
::> E Exponents that are raised to powers. 48 + 4 =527 +7

____________________________________________________________________ \L

:> M Multiplication  You work them from left to right, 48 + 4 -5 8 + 7

CNCHRE no matter which one comes first.
& Division 12 _5.84+7
$ AS Addition You work them from left to right, 12 \I/ 40 +7
. no matter which one comes first.
& Subtraction 28 +7
FINISH =21

Plugging into Expressions

When you plug numbers into an expression, always use order of operations to work it out.

What is the value of —2x2 + 5x
whenx=-37?

__________________________________________

Ifa=2andb =4,
what is the value of (5a — b)3 ?

__________________________________________

Plug in -3 for x: Plug in for the variables:
3 -3 y
-ziz + 5& > -2(-3)% +5(-3) (Sg —\%)3 > (5)-4)°
~2(-3)% +5(-3) = -2(9) +5(-3) (5(2) -4)> = (10-4)3
= -18 +-15 = (6)°
= =33 = {216
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"""""""""""""""""""" ! ( There are two ways to handle the problem.

L

L 6 3
| Find the value of —~ when x = a 1st Way: Change 3/4 to a decimal and plug it in for x.
e : 2nd Way: Plug in the fraction 3/4 for x and divide.
FIRST WAY: SECOND WAY:
Change 3/4 to decimal, plug it in and divide: Plug in 3/4, change the problem to division and divide:
075 6 $ 6 _ . _ 5 3 6 4 _ 24
Ssx 7 o5 SO0 =18 E T B

Symbolic Expressions

Symbolic expressions use symbols or pictures to tell you where numbers go in an expression.

Plug in forx and y: Simplify the expression:
X QY We can see that 7 5 ;3
+
(5¢7) x=5andy=7. Xy % 47+ )
(507) O 4y +x3 Oy 4(7) + (5)3 = 28 +125 =153

Follow order of operations by first finding the answer to the expression in parentheses:

6 O
g$h J v

6$0) > g-2" > 6-29=6-1=5
Now plug 5 into the expression to finish the problem:

5
— |:> g$h \l, \l’
9$(6$0) 9¢$5 0> g-2P > 9-25=9-32=[-23

Variable Expressions and Like Terms
In general, math expressions can contain variables, numbers and math symbols.

Math expressions have terms. Terms are separated by ( +) and (- ) signs.

------------------------------------ : —9x +7 - x 6 + 8x
This expression has five terms: | The terms are:
_Ox+7—X—6+8x Terrn Term Term -9x%, 7, -X, —6, 8%
____________________________________ | Term  Term
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You can move terms around as long as you do not change the signs of the terms.

The signs of the terms don’t change
as we move them around:

@ -9X-6+8x-x+7
—9X+7-X-6+8x 7-X-6+8x-9x

8x-x-9x+7-6

Like Terms are terms that we can combine using addition or subtraction.

Terms with the same variable Numbers can be combined The examples below
can be combined: with other numbers: are NOT like terms:
6x — 2X |:> 4x 9-1 [> -2 4x — 5y (Can’tbe combined)
2.5y +y [> 3.5y 10 + 8.7 |:> 18.7 3x +3 (Can’tbe combined)

The Distributive Property

When a number is multiplied by a group in parentheses that is added or subtracted,
you can “distribute” the number into the group.

9ex 9.5
=Ox =445

' -3(b+2) | Oy -3(b+2) [y | -3b-6

"""""" \V

-3¢b -3.2
-3b =-6

SIMPLIFY:
7X-5-2y+9-y

- 9(x+5) | C> 9(x+5) Ty | 9x+45
\Vi

-

7(a - 6) E> 7(a-6) Ty | 7a-42
N\

—(c-8) IZ> -1(c - 8) IZ> -c+8

Combining Like Terms

Be careful with negatives when combining like terms.

+3x

Combine like terms:

SIMPLIFY:
72x+3) - 49 -%)

Combine like terms:

7x+3x [y 10x Distribute: 14x+4x [y 18x
Y X
-2y-1ly ©) -3y 10x-3y+4 | 7(2x+3) -4(9-%) 21-36 L) -15

-5+9 [) 4

14x + 21 -36 +4x

18x - 15
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Practice Problems

1. Simplify the expression by combining like terms:

-53x—-2)—-(8—-11x)

A -4x — 18
B.-4x + 2
C.-4x + 18
D.-26x — 18
E.-26x + 2

2. What is the value of the expression below?
(1+36+18x%x2)2—-23+1

A.5
B.9
C. 16
D. 18
E. 20

3.Ifa =-2 and d = 3, the simplified form of the
expression ab + cd + bd + ac is:

A.b+c
B.b-c
C.b-5c
D.5b + 5¢
E.-5b-5c

4. What is the answer to the expression below?
1,000 +2+4Xx3%x2—100—-50+ 25+ (—1)°

A.-43
B.-42
C.120
D. 623
E. 624

5. Let x be the largest integer that is less than -3.

Let y be the smallest integer that is greater than -6.

What is the value of x — y?

=3
-1

Mo o0w e
Ul w

6. Let x be an integer in the range -7 < x < 6.
Let y be an integer in the range -6 <y < 7.

What is the largest possible value of % ?

Moo w e
0 g O Ul b

7. Simplify the expression by combining like terms:
4(x+6)—3(x+7)

A.x-3
B.x+3
C.x+13
D.7x + 3
E.7x + 13

8. Use order of operations to simplify the expression:

A.-2/3
B.-5/9 7+3x-5-8+4
C.1/9 - _
D273 10 +2+3%X9—7(2)
E.5/9

9. Simplify the expression by combining like terms:
(5¢—=d+8e) — (c—d—9e)

A.dc—2d—e
B.4c—2d+e
C.4c—2d+17e
D.4c—e
E.4c+ 17e

10. Which of the following expressions have a positive
value for all x and y such thatx > 0 and y < 0?

Ay—x
B.x+y
C.x3y

N

D.
y
X

E. —

<
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11. Find the value of the expression A(B — C)P
whenA=-4,B=2,C=-3andD = 3.

A.-500
B.-60
C.-12
D.-4

E. 4

12. The symbol @ is used to define the expression
(x @ y) = x? — xy. Which answer choice below is not
equivalentto (10 @ 4)?

A(12@7)
B.(15 @ 11)
C.(16 @ 12)
D. (20 @ 17)
E. (30 @ 28)

13. Use order of operations to simplify the expression:

A1/3
B.4/5 8 — 22 4—11+11+4
C.11/37 .

D. 64/9 (8-2) 4+(11+11) + 4
E.8

14. From 3:40pm to 4:30pm, the temperature in a city
changed from 12°F to -8°F. What was the average
drop in temperature in degrees Fahrenheit per
minute?

A.-25
B.-0.8
C.-0.6
D.-0.5
E.-0.4

15. The symbol & is used to define the expression

(A&B) =2 Find the value of (-9 & 3).
A -3

B.-3/2

C.3/4

D.3/2

E.3

16. Evaluate x* + x3 — x% — x — 6 when x = -2.

A -4
B.0
C.8
D.12
E.16

17. Two cities are observed based on random
temperature readings in the morning and in the
evening. The data from City A and City B are shown in
the table. All temperatures are expressed in degrees
Fahrenheit. Which of the statements are true?

Morning Evening
City | Temperature | Temperature
A 9°F -17°F
B -4°F 21°F

I. The change in temperature from the morning to the
evening of City A is -26°F.

II. The change in temperature from the morning to the
evening of City B is +25°F.

I1I. The morning temperature of City A is 13°F larger
than the morning temperature of City B.

A.Tonly
B.Iand Il only
C.ITand III only
D. Il and III only
E. I, Il and III

18.1f x = 2 and y = 4, what is the value of (6x + y)??

A. 64

B. 144
C. 256
D.576
E.676

19. Let the symbol A be part of an operation such that
(A AB) =348 4 1. Find the value of (-4 A 6) A -10.

A2
B.5
C.8
D.11
E. 14

20. Find the value of (x® — \/¥)? + (16 — 2y)® when
x=3andy =09.

A. 28

B. 232
C. 233
D. 568
E. 772
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21.Evaluatea+b—c—dwhena=-1,b=-2,
c=-3andd = -4.

.10
-4
)

mooOwr
O

1
22. What is the value of 4x3 — 10x when x = > ?

A.-9/2
B.-9/4
C.-3
D.9/2
E.3

23. The formula C = %(F + 32) can be used to convert

a temperature in degrees Fahrenheit (°F) to degrees
Celsius (°C). The formula K= C 4+ 273 can be used to
convert a temperature from degrees Celsius to
Kelvin (K). What is the temperature in Kelvin if the
temperature outside is -50°F?

A. 263
B. 283
C.291
D. 309
E.318

24.Evaluate 2 — (x — y)(x + y) whenx =-7
and y = 4.

A.-119
B.-31
C.-7
D.11
E. 35

25. Distribute and simplify the expression:
1 2
Z(Sx — 4y +16z2) + ?(931 + 6x — 32)

A 6x + 2y — 6z
B.6x + 2y + 2z
C.6x + 5y + 2z
D.6x + 6y + 2z
E.6x + 6y — 6z

26. What is the result of -x%2 — x + 6 when x = 2?

A0
B. 4
C.6
D.8
E. 12

27.Giventhat x =-7,y = -8 and z = 3/5, find the

+
result after plugging into the expression =y

A.-25
B.-5/3
C.1/3
D.5/3
E.25

Solutions: 1B, 2D, 34, 4E, 5C, 6D, 7B, 8B, 9E, 10E, 114,
12C, 13D, 14E, 15C, 16B, 17E, 18C, 194, 20D, 21D,
22A,23A, 24B, 25C, 26A, 27A
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3.13 Slopes of Lines

Overview of Slope

The “slant” or “steepness” of a line is called the slope.
When looking at the slope of a line, you view the line from left to right.

There are 4 basic types of slopes that a line can have:

Positive Slope ] [ Negative Slope ] [ Zero Slope ] [ Undefined Slope ]
Y 1Y
3T ERs
< > 21
1 1T

1
a1
3+

2T
-3

— F——F—"++ X +— } t -
4321012324 —41—2 19 123 4

_4;- —4;
Driving or moving Driving or moving Driving on a We can’t drive
upwards downwards flat road on the road at all!

11

v

Using “Rise over Run” to Find Slope
We can find the exact slope of a line by counting the RISE and RUN of the line.

RISE $ I:> [ The steps you move up or down is called the RISE.

)

RUN <> I:> [ The steps you move left or right is called the RUN.

)

4 y RUN
3 Slope of the Line: +4
2 5
1 B - m == fl> -/ B
! X : ——+—+X
-4 -3 -2 -1 RISE 1 2 3 4
To go from point A to B, +5
: RISE +5 steps
A a and RUN +4 steps
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You need to be mindful of the signs when you do your rise and run.

The signs of the rise and run are no different than the signs of the x—axis and y-axis.

ATy +

; RISE
ﬁ : F 2

- — +
RISE -X = 1} 1 tX RUN @ﬁlz> RUN
= ; 4

3T —

47Ty RISE

When you find slope on a graph,
we recommend you do your rise first, and then do the run.

_________________________________

Bront)

We will find the slope two different ways.

| y i Move from A to B ' Move from B to A
i i Y X3
i i RUN
| : -6
! ! Pl e X :i.uz\fl I 1| RISE
! : ONL_ 2 3.4 -4 -3 2 -1 ONQ_ 2 +3
. . B 1
i | e 2| R
! ! RUN 3T
nininieieinieleieieleiieiniieiniieie el ' +6 47
The slope of the line is -1/2. m = RISE — i - — 1 m= RISE = ﬁ = — 1
RUN +6 2 RUN -6 2
The Slope Formula
Another way to find the slope between two points is to use the slope formula.
First Point: Second Point: Y1— Y2 Yo=Y
m = —_— OI' m = —
(Xl,Yl) (Xzayz) X~ X Xy =X
3 O a3 O
IstX 1stY 2ndX 2ndY Change in y’s

Change in X’s

Slope is sometimes described as the “rate of change” between the y-values and x-values.

It does not matter which formula you use.
Just make sure you subtract the y’s and x’s in the same order.
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X1 X0 X1 Y1 XY

ST T Tt ST T T TS T T T s T e T E T E e e T \LL\l/ ______ \‘1/_\¢/_____"; 2 Sl/_ ______ —BlA——————I
i Find the slope between (-2,1) and (2,4) Lo Find the slope between (0,6) and (2,-4) i
Yi— Y3 1-4 -3 3 Yi— Y3 6-(-4) 10
m = - = 2| m-= E -5
X% -2-2 -4 = 4 X% 0-2 -2 ~
XY XY X 1 XY
T T TTTTT TS ST ST ST T TS ST T T TS \L -TTT-=- ______'i I_ _____________________________ \L )*Ll _____ _bil______l
i Find the slope between (4,3) and (-2,3) Lo Find the slope between (2,3) and (2,-3) :
3-3 4113’ 3-(-3) . y
m — + m =
4-(-2) <—eo— 2-2 3 2.3)
0 (_293) 27 (4s3) _ 6 2
=% 1} =0 1
T EE LR ET CEEELEE ER
=10 17 = | undefined -1
-2 =
The slope is O. :3: The slope is undefined. :3 (2,-3)
The line is horizontal. 43 The line is vertical. 4
Division with Zero
Students mess up division with zero all the time.
It is OK to have zero on top. It is NOT OK to have zero on the bottom.
0 Number
— =10 ——— = | Undefined
Number 0
(Use a calculator to prove it to yourself that these statements are true.)
Why is a fraction undefined if it has zero in the denominator?
Below is the easiest way to think about it:
i 12 i i 45 i Now look at the problem below:
: _— 4 | : _— = |
! 3 b 5 | FTTTTTTTTTmmmmmmmooes !
"""""""""""" LT i 6 _, !
12+3 =4 45+5 =9 ! 0o :
is the same as saying is the same as saying EREGREETEEE LR TR :
_ _ 60 =72 HLIh?)
3x4 =12 5x9 =45 i :
______________________ is the same as saying
| 0 | 0x?=6 @
e 70
R TP : There is no number you can multiply with O
0:6=0 that will give you an answer of 6.
is the same as sayin
ying 6 is undefined
6x0=0 0
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Review of Slope

Slope tells you the steepness of a line.
The slope of a line can be positive, negative, zero or undefined.

r A A A

Positive Negative Zero Undefined

1 1 1 1

4321’{’_% 21fl 1234 43210 1234 IEEETIEE R
3 3T 31 X
- -4 4

v

&&U

R

As the slopes become more positive or become more negative, the lines get steeper.

positive SIOP€S

i

4-3 2

=

£ ow

"
o
[l IERLSTREITEY
W R
1]
ol
o
1l
N
ot
i
ol
I A
ot O =) (R 8 T -
.
8 .l
| | BRI
=~ L]

-

[ o

Negatiye Slopes ; Sl b

3 3T 3

4 -4 -4

Make sure you know how to find the slope between 2 points
using a graph and by using the formula.

Change in y’s RISE $ 3 V1= V2 or V2= W1
"~ Changeinx’s RUN <> X—% X—X

)
=
=
=y
ot
=
1)
2]
©®,
S
he)
1)
o
I
-t
s
@
@
=
T
W
w
N
QO
=
o
@
I
L

Finding Slope with the Formula

XN XY
v V%
(-3,3) (3,-2)

Yi=-Y2 _ 3-(-2) _ 5 [>

oo

24510 No 3 4 Tox, - T _3- -
CNGD [ R
16 -2-3

RUN _ Y2V _ _ o _
*6 s R A

oo
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Practice Problems

1. Below is information describing lines L, L, and Lj:

Line L;: Passes through the points (-3,-1) and (3,-4)
Line L,: Passes through the points (6,-1) and (3,5)
Line L3: Passes through the points (4,10) and (-2,7)

Which of the statements is a true statement?

A. Lines L; and L3 have the same slope.

B. The slopes of all three lines are negative.
C. The slopes of all three lines are the same.
D. The slopes of all three lines are different.
E. The slopes of all three lines are integers.

2. A line that passes through the points (6,7) and (9,y)
has the same slope as a line that passes through the
points (5,-8) and (3,0). What is the value of y?

A.-19

3. Line P passes through the points (-2,-8) and (2,-8).
Line Q passes through the points (-4,7) and (-4,-7).
Which statements are true about the lines?

I. Line P has a slope that is undefined.
II. Line Q has a slope that is undefined.
[1I. One of the lines has a slope of zero.

A.lonly

B. Il only
C.Iand III only
D. Il and III only
E.I, Il and III

4, Lines L; and L, are shown below. Let m, be the

slope of line L;. Let m, be the slope of line L, . What is
the value of m; — m,?
L2

-5
.-7/3
-1

Mmoo wr

Ul

5. Below is a graph of a curve from x = -4 to x = 4.
Between what values of x is the rate of change at its
greatest value?

A.Fromx =-4tox =-2
B.Fromx=-2tox=1
C.Fromx=1tox=2
D.Fromx =2tox =3
E.Fromx =3tox =4

6. The ratio of the rise and run of a line is —4/5. If the
line passes through (-4,2), another point on the line
must be:

A.(-8,-3)
B. (1, -2)
C.(-8,7)
D. (0,7)
E. (-8, 3)

7. Let x be an integer. What should the value of x be so
that the line that passes through the points (x,5) and
(-8,-4) has a slope of 3/47?

A.-20
B.-4
C.4
D.8
E. 20

8. In the diagram are 6 distinct lines. Each line has
been assigned a letter from A to F to aid in
distinguishing them from each other. If one of the lines
is chosen at random, what is the probability that the
slope of the line will be between -1 and 1?

A.1/6 \-ny F
B.2/6

C.3/6 BN A

D.4/6 27

E.5/6 {

Solutions: 1D, 2B, 3D, 44, 5C, 6B, 7C, 8C
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